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and
T(n) 2= zlogloga:——mfloglogm

then n belongs to the firgt clasy; otherwise it belongs to the second clags.
If 4—>oc with , all but o (%) integers » < » satisfy both the conditions above,
and so the second class containg only o(z) numbers. Now let 5’ run over
elements of the first clags. Then

. 7?7 (n)274M < g(loglogw)*
. NIE
and so

2’1 < m(loglogm)d.z(uwl)1_ogiogw+_(!l—2%)%1/]03103:5 = 0(x)

nSw
if 1< §, and w inereases more slowly than Viogloga, say

uw = u{z) = (logloge).

This ecompletes the proof of Theorem 1.
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On the average length of finite continued fractions
by

ToNko Tongov (Sofia)

Let & and n be positive integers, 1 < & << n, (@, n) = 1, and let

a 1

- 1
oy -+

Co - 1
r

Cya,m)

-y Olga,my AT€ Positive integers, ¢, ., > 1. Put

CLn) = ) Ua,n).

hEol 2ol
{@,m)=1

Denote bjr r{n} the number of solutions of the eguation

in pogitive integers ,

(@',

1

and

n =z’ +yy’

m’,y,y’, for which m>y, 2>y, (#,y) =1
y) =1
Reeently H. Heilbronn [3] proved that if »>2, then

L(n) = 3(n)+27(n)

r(n) = 202 (p(%)hl'n—l—()( (2%)8),

. . din

where ¢ is Euler’s function.

For the numbers a and n we eompute positive integers ¢; and r;

such that

and.

Po == My T = @5 Ty = QG+ ren (6 =1,2,..., m)

Po > 11 2 1o 3 Ty 5 Ty = 0.
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Thig is the known Euclidean algorithm. Here m is the number of steps
in the algorithm. BEvidently, m = l{a, n).

J.D. Dizon [1], [2] proved theorems about I(a,n), namely (see
[2]): Tor all positive ¢ there exists ¢, >> 0 such that

[t{e, n)—127 I 2Inn] < (Inn)
for all except at most
w? exp { —ey (Ina)*?}
pairs of integers @, n with 1€ e n<< e
Here we shall prove the following
THEOREM.
121In2 '
Lin) =—-—-;t——tp(ﬂ)111%+0(0(’n)),

2
where o(n) = n > 1/d.
L din
Preliminary results. We formulate two known lemmas. _
Levua 1 (of I. M. Vinogradov [5]). Let r be positive integer, a and B

real numbers and let 0 < 4< 028, A< f—a<L—4d, Then there exists
a periodic function () with period 1 and with following properties:

1) p{e) =1 in interval a4 084 o< f—0.54;

2) 0< plw) <1 in intervels e— 054 <2< at054 and f—0.54
< g< B+054; )

3) ylx) =0 in the interval B-+-0Bd<w<Ll+a—054;

4) (@) has an expansion into Fourier series of the form

me=1

w(@) = B—at D (Gu ™™+ Ty e,

where

L, o1 ' 1 r \"
19m|“<-mf Igmlgﬁ_a: Igm|<';;;n"_ Tom ?

‘ ) . . 1 r A7
|h”‘]\<‘¥w?’ N < f—a, |h’mi<m(?ﬁ) '
LeMMA 2 (see [4], 1. 43). Let ¢, b, be integers, ¢ > 1, (2, q) =1L
If 0< g < g, then ' |
Snibe™ - —_
Se T = 0VarongV O, 0),

Ry

where xx™" = 1{modgq).
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We shall use also

. Lenmma 3.
_‘_(@ nd = ____"(__)H \ _1____1
2 d Ind £ Zf_p~1,

) dln plr
where p 48 prime.
This lernma follows from the identity

dymEy
I ()

d|n mn =1

Proof of the theorem. We have
rin) = Z 1,
(A)

where (A) designates the following triplet of conditions:
no=ax +yy'; o>y, ¢ >Y (@, y) = [@,y) = 1.

Then. ' '

(2) ‘ r(n) = Zy 4 2+ 2+ &y,

where '
(3) Zo= D1,
(A)

a+y<yin
o'+ <V

(4) ' Ly = 2 1,
: (A}
z+y<¥n

= 4y’ BVR

2 L

(4)
sy=Vn
&y <yn

(6) Zo= D 1
@ _
TRV
o YR

Consider the sum X, from (3). We have
o< Vn, #.<Vn, y< Wn, v < 3n.

If < 1}1/92, then @w’ -+ yy' < dn-+in < n. Consequently = %l/;e,. Fo_r
fixed z, ¥, (z,y) = 1, the number of the pairg ', ', for which y’ < %1/%,

4 — Acta Arlthmetica XXVL1
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is loss than V2o -+1 and we get
: Vi
7 0g X > il :
1) < w_‘§3(9$ +1) 0(n)
nseyn y<iVa .
Now congider the sum X, from (6). We have
&> Vn, o > PWa, a< nje < 2Vn, y< 2Vn, o < W, y < 2¥n

and we get

[ 2V
& 0< 2, < Z > (»-—-ﬂ’_ 1) 0 (n).
FA<asn y<‘>r/'n
From. (4) and (8) it follows the identity
(9) - 5, = Z,

Congider in detail the sum X, from (4). The inequality 2 >y’ is
equivalent to the inequality ¥’ << o /x +y. The condition (2, y’) = 1 may
be expresged by the Mébius’ funetion p and by (4), (3) and (7), we obtain

(10) ’ Soe= X u(@) 84+ 0(n),
dn

where

(11) ' 8y = 2 1.

n
- = mﬂl"-&-yy’,'t:“wy,(a:,'y)ﬂ

BRY LY T YL —
T =

Decompose the sum (11) info two sums:

(12) By =88,
whers ‘ '
(13) ' 8= > 1,

fn
o AU Y (25, W) T

<
@y ]/d: SWI= - d(1=+1/)

(14) 8 = L
‘ %—'m-iw,bu (a:?i]~=1

T
-V - SEhy< Vo, d[m+y)

On the average lenglh of finite continued fractions ) 51

‘We have for arbitrary suificiently small positive number s

21x§21

%:mz'+w‘,(m.v)=1 ig_ad tfmwﬁ
a " " AmndE
(Gofnie )
| -3 3y 3o
; - , =
" T e 2o
y % LataX gl =¥ o XeX
‘ 1 -
Q Enzm Z i
m‘_-:n/‘dd d n 4
4 {— dmnie ‘ ‘7'4;%25
1 & 73 . 1 e
£ 12 /2 r-e.
K {2?8_21 QEW fn,zgﬂ el
"
ar
" 1--a/2 "
S e N acme(y) <
f_mxm'+uvf,1/%€m+y 'cz" 'y’ ”‘:( )(1_5)12 '
nil-gyz , o n . 5
s (B g V%
and by (14) we obtain ’
, i’ rr : n
where
f1f
(16) S = Z i
;g=m w2, 1) =1

l/— La+y<Va, Y <—— d(ﬂH—w)

(s (3ja-ar

Consider the sum & from (16). Let o be fixed, < V. Decompose
the interval [1,z) of variation of ¥ into subintervals ¥ of the form
(Woy Yo+ y5 " In*n). The last gubinterval may be incomplete, but we
may eliminate it, omitting O (n'™") solutions. In fact, one subinterval Y
contains no more than i~ **n <« n® % In2x numbers y. But i’ < Vald, .
consequently, the number of the pairs ¥, g is < nt 7% In’n, To every ¥,y

) o2
it corresponds no more thzm.r(g— Jy) O( ") pairs @, . Conse-

-8

quently, the number of the correspoﬁﬁing quadruples 2,2, 4,y is <n'
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Count the number of the subintervals ¥. The intexrval of variation The number of the numbers y', e F, is not moro than mes# and it
of y contains < Inm subintervals of the form [y, 24,) and one interval Lae ;
‘ . ) Yo o n? AU - (73’) A
[¥os 2""9) contains ne more than s Tnen < e subintervals Y. B d (2 -+ o)
Congequently then the number of the numbers %' shall be lesy than

7125

17 21&0(11};) (ﬂ)”“’ 1 ('n )x L

‘ . ‘ o @b d o o

Let ye V. B % 0

" ; the number of the pairs y,y’ shall be less than
oy =Y

(2 + o) a {1 AN tmdot 242
I . (_) -y(‘]“"”lnﬂfr}, e ( ) - () lnﬂn;
then the mumber of the numbers ¥’ is less than d o d o d

the pumber of the corresponding quadraples @, ', y,y" shall be

n # n ¥ — Yo K y’ Mt w In'n
Cdety)  dlzty) 4 (@Etn(ety) A R p e ) :
_ . . < ( ----- ) Into mt < miote
and the number of the numbers ¥ is less than 4;~*In*n; the nuwber of d '
the corresponding solutions =z, 2,7y, ¥  wil be and by (15) and (14) we shall get
. »In2n ].11 H ) 1-depdat Ly H wnd
<« g e — 2t < | It < (19) i = 24 Z (qx.wnm T Qw.uu) + 0,
dyy* ' é ' \d warn ¥
{1—8)f2 ‘where
because ¥, >(71_) , & is sufficiently small, and by (16) and (17) we o (20) Qv = Z 1,
got ' ' .*'ﬁth U (8, )

]/' SN u«'v’n

{18) S;l” == Z 22 2 1+0( 1-—«) . yel,u'eF, -m.ﬂ-;

— 2
z<¥n ¥ ek %mm,q_w

w1, (2] =1 . " * 1
l/a~~_,x+1f<l/w (21) ‘ o (“d) m(w f"lfh)
(:: )<ﬂ.2” ) ’ ' o
”":?ﬂ%—) : and Y designates summation. over y with the follewing conditions
. -ty "
t off the sogment @ as many times as possible (denoting i ’ w/ n |G
We cut o e segment # as many times as possible (denoting it by we¥, ytw, (i, @) =1, I/l ) S Y Vi - w, Y= (A;f,) .

G2y, from the beginning of the interval (0 w) of variation of

[
(% -4~ 11y)
y" and designate by F the received interval (I may be empty) and by F
the remainder. ? o wa' -y’

Following the application of the frigonometric method of L M. 4
Vinogradov [5] by the dispersion method of Yu. V. Linnik [4], put

From the equation

with (@, y) == 1, wo get

mies F :
o= \ R
" _ - . gy e ~§~y (moday,
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whete
!t = 1 (moda).

The nniqueness of ° in the congruences is guaranteed by the condition
y'e F and by (20) we get

§ & o .
(22) Q iy = \ 7: . 1 .
'If o
= {rl z } e

Evaluate the sun in (Qu) Constraet wpper v and lower v fuhetion

n* 9 .
a == — _@_;;____, B=pu --l‘u-—"- Ad=pn™ r=1 fory
and .
a=0,f=p, d=urn™", r=1 for ¢.
We obtain _
- ayTty 3wy
23 — e | &L o Z [
(23) E}g( M)\@ \ w( dw)
¥

where, designating » or v by w,

Ms

1‘)( §) m ﬁ —a+ ( Do cznim.s + km 6-2nim§) .

=

—

B

We have for m > m, =[—--~—], according to Vioogradov’s lemma,
M .

fitg

B
{ — (3“(1‘% § 2mm£ - ]? --zrc-ims) o+ 2 (Q‘n animé_]__h 0-.-2:1{1;35)
I N 1y

== g -1
mu

. ﬁ__a_l_” Z(q 6"1-:1,1‘)15+h P—Mmmef _‘* ()(

wmn“/u
b i
1 - 1
== gy |- ghmime B pimimdy ) ol
# % (@ t iy YO\
and by (23) we gef
(24) Qx.ﬂo
mn
Y ~y fmitmy—l oy —amt i gl 1 «
e S S ST e S o[ 3
m=1 ¥ U w "

On the average length of finile condbnued [ractions hb

Here wo may nse the inequalities 9l =< g s 1, 1Ay, < s 1 and, ac-
cordmg to Lemma 2,

1 /
9 wy 1, e n P
E eﬂh e & Ve () lng E/ (m 'J:i’ 'z) < !/wi/mn"g/(-d», w) < VaV'mn®
4

"
and by (24) we got

my
(25) Qg = 1, N 0(1/1411; \} me) 4 ()( Z )
<! Fr 7
But
o n* no n M
> '/'”'b <& )’ﬂ,u oy f"“ <& ”:‘f[émﬂ (»lz)
Fhwex L e
(3
congequently &
filg ~3/2
(26) - Van Z Vi < :T”i( ol) n'*,
e |

By (1), (28) amd (26) it follows, that

9"” = Z >“1 ql‘,h’() r” S 1 + O( >ﬁ TN( ) /"?‘M) "5“'0(%1“8)'

@yl V n]fw 1
But _
" s (£ 4 4 %
Bran Tt R TCE )
amd
\ . { ’Nt
22 d(muk) 5‘11 . ‘SN J}j M;i ( }})A ‘I“O(ﬂl—“),-
2 (1 Yy) id (-
mavn ¥ b ¥ wevn ¥
- ] ‘—01 1 :
Dt o = ;Z o,
oy (e, W L dan (0 1?)’) :rw @, 1) =l d’i” (t "’|"'7I' )
%‘b‘i«"?.‘:l--i-‘?f"«i'lf‘ﬁ‘ I"" sV
(':;,r) ant®
Moraover
w, \ 3%
(’M) \}‘T \‘I at (?2) B I g < m I
i

a:«ﬂ/'ﬁ
Congequently, it d < #* (¢ is gufficiently small), then

AR e
()b) \,\1 Emm e O
d e _

pa¥n ¥
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If 42 »*, then

u;< 2

L
ey =X Y=k %—»ﬁ'&-&-l’

ni

and by (15) for every d|n we get

oY e
(27 8y = '

2>y, () =1
k13 ot gp e .
ey Vi

It remains to evaluate the sum 8, from

Tafa-y)

(1:

n
4O -
o4

1 < (maxz(m) }T & n o

i

icm

3). We bhave, putting @--y

’ 1 V(2 W
%) S+Si= S +o(%)
T {Ey)=1 He+y) d
Tru<yn
. Z ,u,(ﬁ “! 1
=~ 2 ey
Vo >dml ?J (1’;‘—!—'{/)
m+y<;5-1fn
om0 p(d) 1 n B
L DN
s<¥n 2 31 Va —’j <<y
4
" () 1 -~ n
= ke 2In v —
F) 5 In, ]n(é]%)+0( )
sV
. (,l, 6) 9 w
= -~ .41 —
2d 2 5 In. nn-l—()( ,g)
fVR

- #wln2lnn ('n,)

2ac@) o \d

By (28}, (27), (12) and (10) it follows, that

5 _'ﬂ,ln.‘z ln?% in(, CZL
g 34‘(‘)) %

But, using the identity

g {n)

quld) e
Jen -

H
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we obtain
n&]mu; (1 )

24 | 2y e
29) 52 (2)

" O(E rl)

o|n

We cicad‘um.a the theorem feow (1), (2), (), (8), (9) and (29).
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