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Next consider (ii).

Ify (@, y+6) —Fi (2, 9)l, = ‘[

[{fe+u, y+t)—flo+u, y)}%

¥4

= gy (#)llp>
where g, (x+u) = f(z+u, y+1)—f(x+u, y). Clearly g,(x) is in (1),
the problem is to show that the constant ”’C” does not depend on the
parameter y.

[ 1oy @)Pdw < AZ [ |g,(z)Pdz.

This follows from the Riesz theorem for 1 < p < co. The constant 4,
depends on the p-only, and not on the particular function in that clags.
Thus,

Jay [lg; @Pde < 4 [ [ g, ()P dwdy < 45072,

and putting all the inequalities together we obtain the desired inequality,
with a constant independent of .

CoROLLARY 1. If f(w, y)e AZ(T™), then fylw, y)e A2(T?).

Proof. If f(x,y)eAE(T"), then fi(ax,y)eA2(T?) by Theorem 1.
Then (fy).eA7(T?) by the same argument. Finally (f,), =f, a.e. by
Fubini’s theorem.

Remark 1. The classes Ay, A2 of Zygmund [4] do not seem as
natural for iterated operators as they were for the usual conjugate operator.
The technique of Theorem 1 can be used to show f,(z, y) in A.(T) when
the y variable is held fixed or when the = variable is fixed. But this does
not tell us about AL(T7).

Remark 2. The results are stated for 7% but they can be generalized
to I™ by repeating the argument.
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Estimates for translation-invariant operators
on spaces with mixed norms (*)

by
CARL HERZ and NESTOR RIVIERE

Abstract. Let I” be a locally compact group, H an amenable group. Set ¢ = I'H
their semidirect product (in particular their cartesian product). Let T be a translation
invariant operator bounded in Ly (G) = Ly(I, Ly(H)) for, say, p< 2 (or 2 < p). The
main result of this paper shows that with the same or smaller norm 7' is a bounded
operator on the mixed-norm spaces Ly (I, Ly(H)) for p< ¢< 2 (or 2< ¢ < p).

Let & = R? or any locally compact group whatsoever. We write
COXNV,(G), 1< p < oo, for the Banach algebra of bounded linear op-
erators T': L,(#) - L,(G) which commute with right-translations where
L,(G) is the Lebesgue space formed with respect to the left-invariant
Haar measure on G. The norm is [||{T}j}, = sup|[Tu«l, where wue¢ L,(G)
and jhufl, < 1.

‘We are concerned with the situation in which we have a semi-direct
product @ = I'H of an amenable locally compact group H by an arbitrary
locally compact group I. The basic example is I' = R™ acting trivially
on H = R" so that G = R™™,

TueoreEM. Suppose Te CONV,(G) where G = I'H, the semi-direct
product of an amenable group H by a locally compact group I'. Take q such
that p<qg<2 or p=q>=2. Then for any complex-valued continuous
function f of compact support on G we have

[ 1o, aytaa)™ do < 2y [ { [1f(e, o)da}" do.
I H r H
In other words, the translation-invariant operator T, which is assumed -
to be bounded on I,(@) = L,(I'; L,(H)), bas the same or smaller bound
on the mixed-norm space I,(I"; L,(H)).

If in the Theorem we take I' trivial we obtain

(*) The research for this article was done at the MeGill Seminar in Current
Research in Analysis which is supported by a grant from the National Research
Council of Canada to the first author.
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C'OROLLARY. Let G be an amenable group and 1 <p<g¢<20r o >p

g2 If Te CONV,(G) then also Te CONTV,(G), and |IIT]|l,< [I|TIll,-

This statement occurs in [3], and the essential idea of the proof
indicated there carries over to the present Theorem. Of course, if @ is
commutative then the Corollary is a banal consequence of the Riesz
Convexity Theorem. On the other hand, we do not know how to prove
by interpolation methods that elements of CONVI,(R’”*"‘) give bounded
operators on L, (R™; Lq(R")). Thus our main result appears to say some-
thing genuinely new for classical convolution operators. In particular,
it shows that the boundedness of singular integral operators on certain
spaces with mixed norms (see [1], [4], and [6]) is nothing but an immediate
consequence of their L,-boundedness.

Write (@) for the space of continuous complex-valued functions
of compact support on G. We shall call an element T'« CONV (@) a special
convolution operator if there exists a kernel ke I,(G) such that for each
fe X (@) we have

fk Flye)dy = kxf(x

(The phrase “almost everywhere” is suppressed throughout.)

We observe first that every operator which commutes with right-
translations can be approximated in the bounded strong operator topology
by special convolution operators. .

Lemma 1. Let {N} be a complete system of compact neighbourhoods
of the identity in G. For each N, choose a positive continuous function k
such that suppky = N and fk z)de = 1. Suppose Te CONV,(Q). Then

(i) Bach Tky is the kemel of a special convolution operator Ty, i.e.
Tnf = (Thy)*f, with Txlll, < T3
(i) Wm||Tf — T fll, = 0 for each feL

Proof. If ke L,(G) and fe (G then we mayfwrite

Exf(x) fk (xy)f

Hence, if 7' is an operator on L,(G) which commutes with right-trans-
- lations we obtain

(TE)yxf = T(k*f).
In particular, (Tky)*f = T(ky*f), and so
T Rx) % Fll, < [T ey FlE, < W I -

This proves that Tk, which is an element of L,(@), is the kernel of an
operator Tye CONV,(G) with Tl < T, - .Smee lim||f —kyxfll, = 0

icm

© -
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for each fe L,(@) and T is bounded, it follows that T'yf = T(ky*f) con-
verges in norm to Tf.

Lemma 1 having been established, it clearly suffices to prove the
Theorem in the case where 7' is a special convolution operator.

The decisive point in the proof of the Theorem depends on the

LeMMA 2. Let G and H be arbztmry measure spaces and T: L,(G) — L,(G)
a bounded linear operator. Then if p < g < 2 or p > q > 2 there amwt& a bomz-
ded limear operator T: L,(G; L (H)) — Ly(G; L(H)) with \\T1 < KT,
such that for ge L,(G; L,(H)) of the form g(&, &) = f(£)u(x) where fe L,(G)
and we L,(H) we have

(Tg) (&, 2) = (Tf)(§)u(w)

Lemma 2, for real-valued functions, is essentially due to Marcinkiewicz
and &ygmund [6]. Complete details including the extension to complex-
valued functions will be found in [3]. It is worth noting that if ¢ and H
are non-trivial groups then Lemma 2 is false for g<p <2 0or¢>p>2
even if we suppose T'e CONV,(G)().

Let H be a topological group whose operation is written as + and
I’ a topological group, written multiplicatively, such that thele is a contin-
uous map I'x H — H, notation (e, ) =20 with (z+y)o = (z0)+ (yo)
and (ro)7 = x(or). The semi-direct product I'H in the topologmal space
I'<x H with the group operation

(o, 2) (7, ) =

If I"'and H are locally compact then so is G = I'H, and the left-invariant
Haar measure of G is the product measure of the left-invariant Haar
measures of I"and H. The direct product is the semi-direct product where I"
acts trivially on H, ie. xo = a.

Commutative (more generally, solvable) groups and compact groups
are amenable; non-compact semi-simple Lie groups with finite center
are non-amenable. The role of amenability in this work depends on the
next.

LevyA 3. Let H be an amenable group. Given a compact K « H and
&> 0 there exist we L,(H) and ve L,.(H) with Jjull, <1 and o), <1l+e
such that for the function

M) = [u(—z+y)v(y)dy

(o7, xv+¥).

we have A =1 on K.
Proof. A characteristic property of amenable groups is that given

a compact A and J >0 there exists a bounded open set U such that
p(E+U) < (14 0)u(TU) where y is the left-invariant Haar measure on H.

(1) Added in proof: Charles MeCarthy has shown that the extension of
Lemma 2 for translation invariant operators is also false for p < 2<qgorp > 2>q.
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Define # and ¢ by a(x) = [p(T)]? for ae U, u =0 else\.?vhere, and
p(x) = [p(T)]7 for ee K+ T, v =0 elsewhere. The assertions of the
Lemma hold with 1++& = (1-68)"*".

Remark. The measure-theoretic property of amenable groups used
above is not easy to prove in complete generality, see [2]. At the expense
of slightly complicating the proof of the Theorem we could replace the
trapezoidal function A of Lemma 3 by a positive-definite function » such
that |1 —z| < ¢ on K, and the existence of such positive-definite functions
on amenable groups is fairly easy to establish.

Proof of Theorem. Lemma 1 shows that if suffices to consider
special convolution operators, ie. we may suppose that 7' has the form

(I, o) = [ [(k(x, 0f(z ', —tr o) +a)dvdt,
r v

where ke L,(G). ) .
By virtue of Lemma 2, the operator T defined on functions
ge A(Gx H) by

(T g) (o, ry9) = [ [E(r, gz o, — e ot a, y)drdt
r H

is & bounded operator on LP(G; L,(H )) with norm < 1ITl|,- On the other
hand =: 4 (G x H) — A (G x H) defined by (ng)(s, 2, ¥) = g{0, , x+¥)
extends to an isometrie automorphism of Lp(G; LQ(H)). ‘We therefore
have

KT g, L < T Bl el

where |g| is the L,(G; L,(H)) norm of ge # (G H) and |jy| is the

L,(G; Ly(H)) norm of ye 2 (G x H). We take g and p in the special forms

glo, 2, y) = flo, y)u(x), p(o, z,y) = qpo, y)v(x),

where f, e« %'(G) and u, ve £ (H). Here |lg|l = |||l |[ull, and {{p]| = o]l (o],
where ||f]] is the L,(I'; L,(H)l-norm and lg|| is the L, (I"; L, (H))-
norm. On writing A(s) = [u(—s+xz)v(x)dz we got

H

I ng, ay) = fk(r,t))l(tr“lo')f(r"’c, —tr o+ y) (o, y)drdidody,
Gx@

with the integral being absolutely convergent. Indeed, since flyy) =0
for y¢ K, and ¢(-,y) = 0 for y¢ K, where K, and K, are compacts in H,
if we choose u, v as in Lemma 3 so that 1 = 1 on K,~ K, we obtain

L7 ng, mpy = (If, @)
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This yields the estimate

KTfs @31 = KT =g, mpd] < [T gl el = DT, 161 Dl flely Dol

Given ¢ >0, we could have chosen u, v 5o that [lull, llwll,y < 14 e. Hence
we have [KTf, o> < |7}, IIf]l llpll which is tantamount to the assertion
of the Theorem. '
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