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On a generalized Carleson inequality

by
D. G. DENG (Peking)

Abstract. In this note we prove a generalized Carleson inequality

|j'2[ F(x, nv(x, Ndxdi| € C [ A,(F)(X}v. (x)dx,
R R

+
where 1/p+1/p=1,1<p< 0,
\ dydt 1 i 1/p
4 = ([ Fo, P22, v, =sup(— I v, dydf) .
I ! xst \M| T
Moreover, v, belongs to the Muckenhoupt class 4, for p’ > L.

1. Introduction. The inequality
M |§§ Fx, v(x, dxdt] < C [ F*(x)dx (%)
RZ R

is known as the Carleson inequality ([4], [5], p. 236), where F*(x) is the
non-tangential maximal function of F(x, 1), ie.,
F*(x)= sup |F(y, ),
ly—x| <t
and v(x, dxdt is a Carleson measure on RZ, ie., v(x, t)> 0 and
1

1 oo

for any interval I on R. The purpose of this note is to give a more general
form of inequality (1). To prove this we need to prove that a new kind of a
maximal function gives rise to weights in A,. This is of independent interest.
Our inequality incorporates various inequalities proved by C. Fefferman and
E. M. Stein and easily extends to R" or, more generally, to the spaces of
homogeneous type.

v(x, )dxdt < C

(*) As usual, throughout this note C will denote a constant not necessarily the same at
each occurrence.
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Let O = UI, be an open set on R, where /; are disjoint intervals. Let O
=Ul ; be the open set on RZ, defined by
Iy ={(x,0eR%: t >0, xel; st. (x—t, x+1) = I}}.
For any measurable function v(x, t) defined on R% and satisfying v(x, 1) 2 0
with veE_ (R%), we introduce

loc r
V)] Ven (%) = sup (Ul fij v (y, t)l"dyd[) .

Let F(x, t) be given on R%; we define a p-area function as follows:
®) A, (F)(x) = ([[ IF (y, )P dydt/r)'P,

rx)

where I'(x) is a cone with vertex at x:

() ={{y,yeR:: |y—x| <1},
and
Ay (F)(x) = F*(x) = sup [F(y, 1)l
We have
TueoreM 1. If 1/p+1/p'=1,1<p< 0, then
4 ”j F(x, )v(x, t)dxdtl C jA (F) (x) v, pr (x) dx,

where A (F)(x) and Vyp (X) are defined by (2), (3), respectively.
In parncular If Vu (X) < C, then

|”F (6, 09 (s, 01dxdi] < C [ Ay (F)()d.

In the case p’ = 1, the condition v, (x) < C means that v(x, )dxdt is a
Carleson measure, and the area function becomes the non-tangential maxi-
mal function A4, (F)(x) = F*(x), this reduces to the Carleson inequality.

To prove Theorem 1, we need

THEOREM 2. For p > 1, v,,(x) is always in the class A, [1], ie,
1
= [V, (x)dx < C inf v, (x).
['Il I xel

For examples of applications of these results, let (x) be a C* function
defined on R satisfying

W < —Ss, [ W(x)dx =0

1+x%" &

icm°®
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We introduce an area function of f
A(f)(x) = (H WY O)? dy de/e?) 2,
where ¥, (*) =17"y(-/r). From [2], [5] we know that |, *alidxdi/ is a

Carleson measure if ae BMQ and q > 2 and ||A(f) Lb<Clfl,itl<p<oo.
Thus by using Theorem 1, for 1 < p <2 we have

Q) IZI Woxf 1P xa* dxdtjt < C IA(f)”dx
R+

provided 2a/2—p) = 2, ie, a >
particular, pick a =1, we have

” [ *f 1Py, *a] dx dt/t <

¢ [iflrax,

2—-p (clearly, (5) is valid for p > 20). In

Cj]fl"dx

This is not a consequence of Carleson’s inequality since [1//‘*a| dxdt/t may
not be a Carleson measure.

Another easy consequence of Theorem 1 is the Fefferman-Stein inequal-
ity [3]

” [y % f 11, * al dx dift <

Finally, I would like to thank Professor R. R. Coifman for his effective
suggestions in this work.

CjA(f)dx ae BMO.

2. Proof of Theorem 1. First of all, assume 1

Q= {x: A,(F)(x) > 2¢} = U JP,
J

< p < 0. Consider

where J¥ are disjoint open intervals, and
={x: x4, () >4} =U I,
l

where yq, is the characteristic function of €, 18, is the Hardy-Littlewood
maximal function of yq,, and I are disjoint open intervals.
By Theorem 2 we know lhat
Va (28) < Oy, ().
In fact, since v, &(4;), we have [1]

{ 42 (%) Vg () dx < C [ 1 (%) Ve () dx

thus

Vi () = [ vy (x)dx <

4 f xﬁf (%) Ve (%) dx
I
<C

f xgk (X)Vyp () dx = C [ vy () dx = Cv,y (D).
D
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By the Holder inequality we have
[[] F(x, )v(x, )dxd|
5

+

<| +Zw [ F(x, tyv(x, t)dxdt|

k== B4y

<| 2 [ F(x, t)v(x, )dxdt|

k== j i.(fk) Ui(k"‘)

Z SO [f  IFGoPdxde) (] |v(x, 07 dxdn)'”,

k=-0w j f}k)—viyﬂ.l) il(]k)_L/i}k+1)
Now we need an inequality
(6) {f |F(x, t)Pdxdt < C (A, (F)(x)) dx.

7R 7+ 1) &)y k+1)
i urf -y

If (6) is true and we observe

"' Vap' (JC) dx > <"—" ,f y’ r)lp dydt) |15k)|’
,jk) 5 "

then

IT] Fx, nyv(x, dxdr]

+
+ oo

<c (AP ([ v, O ),

k=~ i gk kD) )
©J 1 LSJJs

+ 00

1 , Ip
<c ¥ zzwu;w(,,—@ 17 v, e dxar)
1 i

k=—a j

+ 0
SC Y 2% | vp¥dx

k= — oo i k)
+ ’ i

=C ¥ v, @H<C ¥ 2v,(@Q)
k=~ k=~ o0

<Cf4

R

F)(X) vy (x) dx

This is the desired inequality.
Now let us go back to the proof of (6). We introduce a characteristic
function x(s) = y-,1;(s). We start from the right-hand side of (6),

* ©

icm
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dydr
) [y PP dx= ] dx [] 1P, or S
I(k)_ujgk +1) 1k UJ(H b I'(x)
s
x—y\dxdydt
= i o)
(I“"—Ulgk“’)XR%r t t

dydt -
> [ FeorZE x(f—y)dx.
f(k)__Lj‘fglz+1) t 100y k+1) t

For any fixed (y, f)eI® — ) I#*! we clearly know that
INQE # 0O,

where I = (y—t, y+1), Q¥ is the complement of Q¥, ,. It means that there
exists a point xye/l such that

L
Ay s q (X0) < 3,

which implies

1
I“"_IerzkH(x)dXS%
Thus
1 xX—y 1 —
— dx = — X=V g
| I(“’—QES‘“)X( t ) | I_UJ£k+1)X< t ) *
1
=ﬂ {1 XnanI(X) dx?zs
T
ie.,

Substituting this into (7), we prove (6).
When p = o, the proof is easy. In fact,

“| Fx, nvix, ndxdi] < If

l\-—-m [

[F(x, tyv(x, t)] dxdt

5
o + o
< Y X2 [ vix,ndxdt<C Y 23 v (xdx
Ty 7 ,(k) k=—o j gl
j i
+ oo
<C Z 2\/,,‘1(9,c [AL(F)(x)\f*l(x)tlx,
k==

Modulo Theorem 2, the proof of Theorem 1 is complete.

3 Studin: Mathematics LXXVIIL
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®
3. Proof of Theorem 2. At first we prove that the operator In fact, suppose that
1
T w0, = W0, = (0 = Sup i [ 0y ' 4509 =57 [ ua0, 0 dy .
I b

is of weak type (1.1). In fact, let @ = {x: u*(x) > A}. Thus, for every xe, If u$(x) # 0, then clearly ze3J. So
there exists I, > x such that .

i M <l = 10, 0dyde < Cuz (2

e fu(y, Ydydt > A. 7]

I 1, Thus
Then all {I.: xeQ) constitute a cover of Q. By a cover lemma ([5], p. 9) .
there exist {I,}, I, nI; = ® (i #}), such that i J u%® < Cinf u¥(2)? < C inf w*(2)°.

1 zel zef
< .
< ¢ Z I Since
Then * 3 * s % &
u* (x)* < Cluf ()’ +u% (x)?),
12 s(CM)}; [ uty, ndydr <(C/h) | Jul ndydr. we obtain
Iy R+
1
Secondly, we prove that S e g C( ur = [ uf ) C inf u* (),
' I TR 7| vel

=u* ()P =u*(x)’e(d,) (6 =1/p<l).
e ) (et and thus we end the proof of Theorem 2.
For any I, decompose

u(y1 t) = ul(y? Y)+M1(y, t)’
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-%fu’{" < C inf u*(y).

1 yel
On the other hand, for any x, zel we have

uf(x) < Cu}(2).
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