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1. Introduction. Many diophantine problems can be reduced to (ordi-
nary) unit equations and S-unit equations in two unknowns (for references,
see e.g. [15], [24], [11], [16], [25]). Several effective bounds have been estab-
lished for the heights of the solutions of such equations (see e.g. [24], [11],
[25], [3] and the references given there). Except in [3], their proofs involved
Baker’s method and its p-adic analogue as well as certain quantitative results
concerning independent units. The best known estimates for S-unit equa-
tions are due to Gy6ry [13] and, for (ordinary) unit equations, to Schmidt
[23], Sprindzuk [25] (with not completely explicit constants) and Gyéry [14]
(with explicit constants). These led to a lot of applications.

The purpose of the present paper is to considerably improve (in com-
pletely explicit form) the above-mentioned estimates in terms of the car-
dinality of S and of the parameters involved (degree, unit rank, regulator,
class number) of the ground field. To obtain these improvements we use,
among other things, some recent improvements of Waldschmidt [26] and
Kunrui Yu [27] concerning linear forms in logarithms, some recent estimates
of Brindza [5] and Hajdu [18] for fundamental systems of S-units, some up-
per and lower bounds for S-regulators (cf. Lemma 3 of this paper) and an
idea of Schmidt [23]. Further, in our arguments we pay a particular atten-
tion to the dependence on the parameters in question. As a consequence of
our result, we derive explicit bounds for the solutions of homogeneous linear
equations of three terms in S-integers of bounded S-norm. These improve
some earlier estimates of Gyéry [13], [14].

An application of our improvements is given in [17] to decomposable form
equations (including Thue equations, norm form equations and discriminant
form equations) in S-integers of a number field. Some other applications will
be published in two further works.

Research of the second author was supported in part by Grant 1641 from the Hun-

garian National Foundation for Scientific Research and by the Foundation for Hungarian
Higher Education and Research.

(67]



68 Y. Bugeaud and K. Gyéry

2. Bounds for the solutions of S-unit equations. We shall use
throughout this paper the following standard notation. Let K be an algebraic
number field of degree d with regulator Ry, class number hig and unit rank r.
Denote by Ok the ring of integers of K, and by Oy the unit group of Ok.
Let S be a finite set of places on K containing the set of infinite places Su.
Denote by s the cardinality of S, by ¢ the number of finite places in .S, and
by P the largest of the rational primes lying below the finite places of S,
with the convention that P = 1 if S = S, i.e. if t = 0. Further, denote
by Og the ring of S-integers, and by O% the group of S-units in K. Then
s —1 = r +t is the rank of O%. The case s = 1 being trivial, we assume
throughout the paper that s > 2. We denote by Rg the S-regulator of K
(for its definition, see Section 3). We note that for S = S, (i.e. t = 0), we
have OS = O]K and RS = RK.

For any algebraic number «, we denote by h(a) the (absolute) height
of a (cf. Section 3). There exists a dx > 0, depending only on K, such
that dlogh(a) > dk for any o € K\ {0} which is not a root of unity (cf.
Section 3).

Throughout this paper, we use the notation log” a for max{loga, 1}.

Let «, B be non-zero elements of K with

max{h(a),h(8)} <H (H >e).
Consider the S-unit equation
(1) ar+pPy=1 inz,yeOg.
When S = S, (i.e. t =0) then (1) is an (ordinary) unit equation.
THEOREM. All solutions z, y of (1) satisfy
(2) max{h(x),h(y)} < exp{ciP*Rs(log* Rs)(log*(PRs)/log* P)log H},
where
1 = e1(d, 5, K) = 32(9d2 /63 )*+1 75+10,
Further, if in particular S = S (i.e. t = 0), then the bound in (2) can be
replaced by
(3) exp{ce Rk (log" Rx)log H}
where
co = ca(d,r, K) = 327 (r + 1)5T+17d3éﬂg(r+1).

Remark 1. It is clear that the factor (log"(PRg)/log™ P) in (2) does
not exceed 2log™ Rg, and if log* Rg < log™ P, then it is at most 2. Further,
by Lemma 3 (cf. Section 3), we have

(4) Rs < Ryhg(dlog™ P)".



Bounds for the solutions of unit equations 69

Remark 2. As is known, Rgxhk can be estimated from above in terms
of d and Dk, the discriminant of K. Denote by g the number of complex
places of K, and put A = (2/m)9|Dg|"/2. If d > 2, then we have e.g. (cf.
[21])

(5) Rihgx < A(log A 179(d — 1 +1log A)?/(d — 1)\

Our theorem provides a considerable improvement of earlier estimates
of Kotov and Trelina [19], Gyéry [13], [14], Schmidt [23] and Sprindzuk [25]
for S-unit equations.

For a € K\ {0}, the ideal generated by « can be uniquely written in
the form a; - ay where the ideal a; (resp. az) is composed of prime ideals
outside (resp. inside) S. Then the S-norm of «, denoted by Ng(«), is defined
as N(a1). In the particular case S = S, we have Ng_(a) = |Ng/g(a)|.
Further, Ng(«) is a positive integer for every o € Og \ {0}.

In some applications, it is more convenient to consider the following
equation instead of (1):

(6) aix1 + asze + azzrs =0
in z; € Og \ {0} with Ng(z;) < N for i =1,2,3,
where a1, ag, az € K\ {0} with max, ;.3 h(a;) < H (H > e).
Let c3 = c3(d,r,K) = r"t! (5];7%1)/2 and let ¢; = c¢1(d,s,K), ca =
co(d, r,K) denote the numbers specified in the Theorem. Then we have

COROLLARY. For every solution 1, x2, x3 of (6) there is an € € O
such that

(7) max h(ez;) < exp {3cic3P Rgs(log* Rg)(log* (PRg)/ log* P)

1<i<3
X (Rg + thx log™ P + log(HN))}.
Further, if S = S, then the bound in (7) can be replaced by
exp{3cac3 Rk (log™ Rk )(Rx + log(HN))}.

Our Corollary considerably improves the earlier bounds of Gyéry [13],
[14] concerning equation (6).

3. Bounds for S-units and S-regulators. Keeping the notations of
Section 2, denote by Mg the set of places on K. In every place v we choose
a valuation | - |, in the following way: if v is infinite and corresponds to an
embedding ¢ : K — C then we put, for every a € K,

o = Jo(a)|®,

where d,, = 1 or 2 according as ¢(K) is contained in R or not; if v is a finite
place corresponding to the prime ideal p in K then we put |0|, = 0 and, for
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a € K\ {0},
oy = N(p) o (@),

The (absolute) height of an algebraic number « contained in K is defined
by

h(a) = ( [] max(1, \a|v)>1/d.
vE My
This height is independent of the choice of K. If the algebraic number « is
of degree n with minimal polynomial ag(X — aq)...(X — a,) € Z[X] over
Z, then, by ([20], p. 54), we have

(8) () = (Jao| ﬁmax(l, |az-|))1/".

There is a positive constant dx, depending only on K, such that for
every non-zero algebraic number o € K which is not a root of unity we have
log h(«) > 0k /d (we recall that d denotes the degree of K). Further, if « is
not an algebraic integer then (8) implies that log h(a) > log2/d. Hence we
have dkg < log 2.

It is easy to see that we can take
log 2
r+1
where r denotes the unit rank of K. Further, it follows from results of
Blanksby and Montgomery [2] and of Dobrowolski [7], [8] that both

1 1 [loglogd 3 1
Sk=—— and Odx=-—— 287
X~ 53dlogbd O % 1201< log d > ()

are appropriate choices for d > 3. For large d, the factor 1/1201 can be
replaced by a larger one (see e.g. [9]).

We recall that s denotes the cardinality of S. For v € S, denote by
| - |» the corresponding valuation normalized as above. Let vy,...,v5_1 be
a subset of S, and let {e1,...,65_1} be a fundamental system of S-units
in K. Denote by Rg the absolute value of the determinant of the matrix
(log [ei]v, )i,j=1,...,s—1- It is easy to verify that Rs is a positive number which
is independent of the choice of v1,...,vs_1 and of the fundamental system
of S-units {e1,...,es_1}. Rg is called the S-regulator of K. If in particular
S = S, then we have Rg = Rk.

There are several quantitative results in the literature for units and S-
units of small height; for references, see e.g. [24], [5] and [18]. The following
lemma is in fact due to Hajdu [18]. It is an extended version of an earlier

Sk =

ford=1,2,

(Y) Added in proof. By a recent result of P. M. Voutier (see this issue), one can
take here 1/4 instead of 1/1201.
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theorem of Brindza [5]. For convenience of the reader, we give here a proof
for Lemma 1 with a slightly better value for ¢4 than in [18].
Put

ca =ca(d,s) = ((s = )H?/(2°72d"7)

and
_ _ s o _ _ s—1¢—1
cs = c5(d, 5, K) = ¢y v ;o cs =ce(d, 5, K) = cad® O .
LEMMA 1. There exists in K a fundamental system {e1,...,es-1} of
S-units with the following properties:
s—1
(i) H log h(e;) < caRs;
=1
(i) logh(e;) <esRs, 1=1,...,5—1,;

(iii)  the absolute wvalues of the entries of the inverse matriz of
(logeilv; )i,j=1,....s—1 do not exceed cg.

Proof. We shall combine some arguments from the proofs of [5] and
[18]. For a € K\ {0} put

v(a) = (log|aly,, ..., log|al,, ).
The lattice A in R*~! spanned by the vectors v(n) with n € O% has deter-

minant Rg.
The function F : R*~! — R defined by

F(x)=|zi|+ ...+ |xs_1]

for x = (x1,...,25_1) € R*7! is a symmetric convex distance function (cf.
[6], Ch. IV), i.e. it is non-negative, continuous, F(ax) = aF(x) (o > 0 real)
and F(x +y) < F(x) + F(y) for x, y € R®". Denote by V the volume
of the bounded set {x € R*™! | F(x) < 1}. It is easy to check that Vp =
2571/(s — 1)!. By a theorem of Minkowski (cf. [6], Ch. VIII) the successive
minima Aq, ..., As_1 of A with respect to F' have the property

(9) Ao Aso1 <251 Rg/Ve = (s — 1)!Rs.
Further, there are multiplicatively independent S-units 71, . .., ns_1 for which
(10) F(v(n)=Xi, i=1,...,s—1

It follows (cf. [6], p. 135, Lemma 8) that there exists a fundamental system
{€1,...,85—1} of S-units such that

(11) F(v(e)) < max{1,i/2}F(v(;)), i=1,...,s— 1.
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However, for every n € Og, we have [],cq [7]o = 1, hence

log h(n ZmaX{O log [}, } = de llog [n].,

ve S vES
which implies that

(12 S F V() < logh(n) < “F(v(n).
Hence, by (12), (11), (10) and (9) we have

s—1

(13) ili[llogh(&‘) < go—1 HF = 238 Q_di 1 HF
< ((5—1).) Rg/(2°72d°71),

which proves (i).
(ii) follows immediately from (i) and log h(e;) > g /d fori=1,...,s—1.
To prove (iii), let £ = (log|eilv; )i j=1,...,s—1 and e;; = det( ”)/det(E),
where E;; denotes the matrix obtained from F by omitting the 7th row and
jth column. It follows from (13) and Hadamard’s inequality that

s—1
|det(E;;)| < H Y (log leyls,)? < HF ) < caRs/F(v(e)).
=1
psﬁz g#j p#%

Together with (12), |det(E)| = Rs and log h(e;) > 0x/d this implies |e;;| <
c40y Lds=1 which completes the proof. m

The next lemma has various versions in the literature (for references, see
e.g. [15], [24], [10], [18]). Our lemma is an explicit version of Lemma 10 of
[10].

Let c3 = c3(d, r,K) denote the constant specified in the Corollary.

LEMMA 2. For every a € Og \ {0} and every integer n > 1 there exists
an S-unit € such that

(14) h(c"a) < Ng(a)/4exp{n(cs Rk + thg log* P)}.

Proof. First consider the case when S = S. So let & € Og\{0} and put
M = |Ng,g(a)|. Let Soo = {v1,..., 0,41} and L(a) = max;<;<, [log|al,,|.
Then there are multiplicatively independent units 7,...,n, in Ok such
that L(m)...L(n,) < Rk (cf. [1 ]) On the other hand, we have L(n;) >

d/r)logh > 0k /r, whence L(n;) < r" 16, (r= I)RK for each j.
Ty
Consider the system of linear equatlons

> Xjlog |n
j=1

v, = —log(M~%i/al,), i=1,...,r+1,
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in X3,...,X,. It has a unique solution x1,...,x, in R. For 1 < j <r, there

exist b; € Z and p; € R with |g;| < n/2 such that z; = nb; + ¢;. Putting

77(1“ ...nYr = ¢, we infer that

(15) flog(M ="/ jag"|,,)| = | 3 o;log Injla,
j=1

<™ max [log|nle,| < = ax L(n;)
= 2{%%& 1M lv; | = 9 Tf%'%{r 1y

<ncsRg, +1=1,...,7+1,
which implies (14).
The general case of our lemma follows from the case S = S, as in the
proof of Lemma 10 of [10]. =

Denote by p1,...,p; the prime ideals in K corresponding to the finite
places in S. We recall that P denotes the largest of the rational primes lying
below of these prime ideals.

The following lemma is an improvement of some estimates of Pethé [22]
and Hajdu [18] for Rg. It should, however, be remarked that Pethd’s estimate
was established in a more general situation, for some S-orders instead of Og.

LEMMA 3. If t > 0, then

t
(16) R < Rghg [ [log N(p;) < Rxhx(dlog™ P)’
i=1
and
t
(17) Rs > Rg [Jlog N(p;) > c7(log 2)(log" P),
=1

where c¢; = 0.2052.

Proof. O5/Ox is a free abelian group of rank ¢ which is isomorphic to
the multiplicative group of principal ideals in K generated by the elements
of O%. This latter group is a subgroup of finite index, say ig, of the multi-
plicative group generated by pi,...,p; and we have ig < hg. Hence, as is
known (see e.g. [4], pp. 85 and 125), this subgroup has a basis of the form

() = pipy™ gy, i=1,08,
with rational integers a;; such that a;; > 0 for ¢ = 1,...,¢ and that
ap...ay = ig. It now follows that if {e;41,...,6t4,} 18 a fundamental

system of units in Ok then {e1,...,&¢,... €14} is a fundamental system of
S-units in K. Consequently, it is easy to see that

t
(18) Rs = |det(log [e;]u, )i,j=1....r+¢| = Rxis [ [ log N(p:),

i=1
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which gives (16). Inequalities (17) follow from (18) and the estimate Rg > ¢;
of Friedman [12]. m

We remark that, in our Theorem and its Corollary, the improvements of
the previous bounds in terms of Rk, hx and P are mainly due to the use of
fundamental systems of S-units, S-regulators as well as Lemmas 1 to 3.

4. Estimates for linear forms in logarithms. In our proofs, we shall
use the best known estimates, due to Waldschmidt [26] and Kunrui Yu [27]
respectively, for linear forms in logarithms in the complex and in the p-adic
case. We shall formulate them in a more convenient form for our purpose.
These estimates enable us to considerably improve the previous bounds for
the solutions of equation (1) in terms of d,r and s.

Let ai,...,a,(n > 2) be non-zero algebraic numbers and let K =
Q(aq,...,ap). Put [K: Q] =d. Let Ay,..., A, be real numbers such that

log | 1 -
19 log A; > log h(ay), y= s =1,...,n,
(19) og _max{ og h(ay) 334 4 i n
where log denotes the principal value of the logarithm. Let bq,...,b, be
rational integers and put B = max{|b1|,...,|b,|,3}. Further, set

A=al . abr 1.

In Proposition 1, it will be convenient to make the following technical as-
sumptions:

(20) B > log Ay, exp{4(n + 1)(7 + 3log(n + 1))}
and
(21) 7+ 3log(n+1) > logd.

Proposition 1 is a consequence of Corollary 10.1 of Waldschmidt [26].

ProprosITION 1 (M. Waldschmidt [26]). If A # 0, b, = 1 and (20), (21)
hold, then

2nB
(22) |A| > exp { —cg(n)d"log A; ...log A, log (log An> },

where cg(n) = 1500 - 381 (n 4 1)37+9,

We remark that a recent explicit estimate of Baker and Wiistholz [1] for
linear forms in logarithms would give here a smaller value for cg(n) in terms
of n. However, the lower bound in (22) is better in terms of A,,, which is
essential for our present applications.

Proof of Proposition 1. We denote by log the principal value
of the logarithm. Setting ay = —1, there is a by € Z such that |by| <
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|b1] + ...+ |bp—1| + 2 < nB and that

log(alt...abm) = ij log avj + by log avg == 12,
j=1

where b,, = 1. It suffices to deal with the case when |A| < 1/3. Since |log z| <
2|z — 1| for any z € C with |z — 1] < 1/3, we get

(23) 1] > |92]/2.

After some calculations and under the conditions (20), (21), Corollary 10.1

of [26] implies the following inequality with the choice E = e, f = 1/(3.3d)
and g = 2:

2nB
12| > 2exp{ — cg(n)d"log A; ...log A, log n .
log A,

Together with (23) this implies (22). m

In Proposition 2, let v = v, be a finite place on K, corresponding to
the prime ideal p of K. Let p denote the rational prime lying below p, and
denote by | - |, the non-archimedean valuation normalized as in Section 3.
Instead of (19), assume now that Ay, ..., A, are real numbers such that

(24) log A; > max{log h(«;),|log o;|/(10d),logp}, i=1,...,n.

The following proposition is a simple consequence of the main result of
Kunrui Yu [27].

PRrROPOSITION 2 (Kunrui Yu [27]). Let

@ = co(n)(d//logp) " Hpdlog A; .. . log A, log(10ndlog A),
where co(n) = 22000(9.5(n + 1))2"+D) and A = max{A,..., A,,e}. If
A #0 then
| Al = exp{—d(log p)®log(dB)}.
Further, if b, =1 and A, > A; fori=1,...,n—1, then A can be replaced
by max{Ai,...,An_1,¢e} and for any § with 0 < § < 1, we have
|A|, > exp{—d(log p) max{®log(§~'®/log A,,),B}}.

Proof. This is a reformulation of the result presented in the introduction
of Kunrui Yu [27]. =

Remark 6. We remark that, in Propositions 1 and 2, the condition K =
Q(au, ..., ap) can be removed. It is enough to assume that K is an algebraic
number field of degree d which contains aq, . .., a,. This observation will be
needed in Section 5.
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5. Proofs of the Theorem and the Corollary

Proof of the Theorem. Let x, y be an arbitrary but fixed solution
of

(1) ar+pfy=1 inz,ye€ 0.

We assume that h(x) > h(y). Let {e1,...,e5_1} be a fundamental system of
S-units in K with the properties specified in Lemma 1. Then we can write

(25) =t ery
with a root of unity ¢ in K and with rational integers bq,...,bs_1. Put
B = max{|b1|,...,|bs—1|,3} and S = {v1,...,vs}. Then (25) implies

s—1
log\y|vj:Zbilog|5i|vj, j=1,...,s—1,
i=1

whence, by (iii) of Lemma 1 and (12), we get

s—1
(26) B <c¢ Z [log |y, | < 2dcg log h(y) < 2dcg log h(x)
j=1
with the c¢g = ¢¢(d, s, K) specified in Lemma 1.
Let v € S for which |z|, is minimal. Setting s = (0 and by = 1, we
deduce from (1) that
(27) x|y = |00 .. b abe — 1],
We shall derive a lower bound for |az],.
First assume that v is infinite. In order to apply Proposition 1, put
logAz-:éﬂgllogh(gi), i=1,...,s—1,
log Ag = 5&1 log H.
It is easy to check that 74 3log(s+1) > logd. Further, we may assume that

(28)

(29) B >log Agexp{4(s + 1)(7+ 3log(s+1))}.
Indeed, (1) implies that
(30) h(z) < 2H?h(y).

Further, it follows from (25) and (ii) of Lemma 1 that

|
—

(31) h(y) < [ h(e)®! < exp{(s — 1)esRsB}.

i=1

Hence, if (29) does not hold, we get at once a bound for h(z) which is better
than that in the Theorem.
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We have | - |, = |o(-)|% for some ¢ : K — C. Applying o to equation
(1) and then omitting o everywhere, we may assume that |- |, = | -|%. On
applying now Proposition 1 to (27) and using (i) of Lemma 1, we derive that

B
(32) lax|, > exp { — c10Rs log H log <1(;1ng> },

where c19 = dycs(s)cad® 205 ° and ¢17 = 2s0k.
Since |z|, is minimal, we have

(33) h(z) = h(1/z) < |27 D/,
Hence it follows from (32), (26) and |a|, < H? that

logh(z) _2(s—1) c12log h(x)
< loo [ €208 L)
og i = g coftsloe{ =0 )
where cio = 2dcger;. This gives (?)
(34) h(z) < exp{ci3Rs(log"Rs)log H}

with
c13 = 3s+26d35ﬂgss55+12'

We remark that in the particular case S = S, i.e. when t = 0, (34)
implies the second part of the Theorem.

Next assume that v is finite. To apply Proposition 2, we put now
(35) log A; :(5ﬂgllogh(5i)+log*P, 1=1,...,8—1,
log As = 65 ' log H + log* P.
Using (i) of Lemma 1, we get

logAy...log As_1

i

Ss—

. jl—[i(éﬂgl log h(<s)) (Z (S ; 1) (dlog* P)? — (dlog*P)81>

j:
+ (log*P)*~!
< (log"P)*"*(c14Rs + log" P)

with ¢14 = (s/d)((s — 1)!)25Hg(5_1). Together with the second inequality of
Lemma 3 this gives

(36) log Ay ...log As_1 < 2c14Rg(log*P)*2.

(2) In certain applications (e.g. in case of practical solutions of S-unit equations), it
can be more useful to work with our upper bounds of B, provided by (26), (34) and (43).



78 Y. Bugeaud and K. Gyéry

We distinguish two cases. First assume that log H < c5Rg. Then, by
Lemmas 1 and 3, we have

(37) log A := 1II§1?.§XS log A; < ¢15Rs

with c15 = Cg,éﬁg]L + (c7log2)~t. We now apply to (27) the first part of
Proposition 2. Putting

d
P = clgw log A; ...log Aslog(10sdlog A)
with ci16 = co(s)(d?/log2)**!, we infer that
(38) o]y > exp{—d(log* )& log(dB)},

whence, by (33), (26) and |a|, < HY,
log h(z) < 2(s — 1)(log™ P)® log(c17 log h(z))
follows with ¢17 = 2d%cg. Together with (36), (37) and log H < c5Rg this
gives
(39)  h(x) < explersP Rs(log" Rs)(log" (PRs)/ log" P) log H),
where
c1s = 379(18d% /o) s T st 1T,

Next assume that log H > c¢5Rg. Then, by Lemmas 1 and 3, we have
As > A;fori=1,...,s—1 and

= ;< .
(40) log A 1§I?§s)£1 log A; < c15Rs
Consider now the above defined @ with this value of log A. First we give an

upper bound for h(x) in terms of @.
If B < ®(log”"P)/(c5Rs) then (30), (31) and (35) imply that

(41) h(z) < 2H? exp{(s — 1)®@log" P} < exp{s®log* P}.

Assume now that B > @(log™ P)/(csRs). We apply the second part of
Proposition 2 to (27). Putting § = @(log™ P)/(Bcs Rs) we obtain

« BC5RS
v > — d(log* P)®log [ ——25 ) L.
]y = exp{ (log™ P)®log <10g*PlogAs>}

Hence, proceeding again as above, we deduce that

log h(x) c19 Rslog h(x)
— = < 2(s—1)(®/log A,) 1 _
log” P log Ay, — (s = 1)(®/log 4s) log < log* Plog A,

with c19 = 2dcges. From this we infer as above that
(42) h(z) < exp{co®(log™ P)log*(PRs)},
where co9 = 19(s — 1) log(ci6)-
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The right hand side of (42) is greater than that of (41). Lemma 3, (35)
and log H > c5Rg imply that log A, < co1 log H with ca; = (cserlog2) ™! +
Ox 1 Hence, estimating from above @, we obtain in both cases that

(43)

h(z) < exp{clgPdRS(log* Rs)(log"(PRg)/log"* P)log H},

with the constant cig defined above. However, it is easy to verify that both
c13 in (34) and ¢15 in (39) and (43) are less than ¢; = ¢1(d, s,KK) specified
in the Theorem. This completes the proof of our assertion. m

Proof of the Corollary. Let z1, z2, 3 be a solution of (6). Then,
by Lemma 2, there are ¢; € O% such that

(44) h(esx;) < NY4exp{csRx + thx log* P}
with the constant cs3 specified in Lemma 2. Put
_ a1(€1$1) _ Ot2(€2372)
az(ezzs)’ az(ezzs)
Then x = —e3/e1, y = —e3/e2 is a solution of equation (1).

We have

max{h(a), h(B)} < exp{2cs(Rk + thg log" P +log(HN))}.

Now our Theorem provides an explicit upper bound for max{h(x),h(y)}.
Together with (44), this implies (7) with the choice ¢ = —¢3. =
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