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Primes in almost all short intervals
by

ALESSANDRO ZACCAGNINI (Parma)

1. Introduction. The object of this paper is to extend the range of
validity of a well-known result of prime number theory. We deal with the
Selberg integral

2z
J(z,h) = S

€T

h 2

The Prime Number Theorem suggests that J(z, h) should be of lower order
of magnitude than xh?(logx)~2, at least when h is not too small with re-
spect to z, and the Brun—Titchmarsh inequality trivially implies J(z, h) <
xh?(log x)~2 provided only that h > x¢ for some fixed ¢ > 0.

We prove the following

THEOREM. We have

I h) < xh? ( )+loglogx 2
© (log z)? E\E log ©

provided that /675 < b < . where 0 < e(z) < 1/6 and (x) — 0 as
T — 00.

It is well known that Huxley’s density estimates [5] for the zeros of
the Riemann zeta-function yield J(z,h) = o(zh?(logx)~2), but only for
h > x'/%(logx)®, for some C' > 0. The weaker result with h > x'/6%¢ is
proved in Saffari and Vaughan [8], Lemma 5, and in [13], where an identity
of Heath-Brown (Lemma 1 of [3]) is used.

This paper is inspired by Heath-Brown’s extension [4] of Huxley’s The-
orem [5] that

n(x) — m(x — h) ~ h(logz)™!
to the range h > z7/127¢(#)_ This was achieved by means of another identity
(see (2.2) of [4], or Lemma 2 below), thereby avoiding a direct appeal to the
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226 A. Zaccagnini

properties of the zeros of the Riemann zeta-function, besides Vinogradov’s
zero-free region. We extend this approach to the above integral.

An immediate consequence of this result is that if /6@ < p < g
then for “almost all” n € [x,2z] NN we have 7(n) — 7(n — h) ~ h(logn) L.
Here “almost all” means that the above asymptotic equality fails for at most
o(z) values of n € [z, 2z] N N. Relaxing our demand to 7(n) — w(n — h) >
h(logn)~! for almost all n’s, one can take h even smaller, and the best result
up to date is due to Jia [6] who showed that h > x'/20%¢ is acceptable,
provided that x is large enough.

I thank Alberto Perelli for his unfailing help and Janos Pintz for some
helpful suggestions. Many thanks are due to the referee for a very careful
reading of my manuscript and numerous useful remarks.

2. Preliminaries. We assume throughout that x is sufficiently large.
For the sake of brevity we set £ := logx. Our estimates will be uniform
with respect to all parameters but kg, which will eventually be chosen as
4. For ease of reference, our notation is consistent, as far as possible, with
the notation in [4], and will be introduced at appropriate places. A few
comments on the proof are collected at the end of the paper.

LEMMA 1. The Theorem follows from the estimate

2 392 2
x>0 log log x
dt —_—
<z (6(x)+ log x > ’

J (x,0) = S

x

uniformly for x=5/6=¢() < g < 1.

ot

LEMMA 2 (Linnik-Heath-Brown’s identity). For z > 1 we have

_1\k—1
1) o) =Y T c@me - = 3 k;k

k>1 k>1p>z
where
1
II(s) := H (1— S>.
p<z p

For Lemma 1 see the proof of Lemma 6 of [8]. Lemma 2 follows from

(2.2)—-(2.3) of [4].
For ¢t € [z, 2x] we use the interval T = Z(t,0) = (t—6t, t], and a parameter
z satisfying

ko < 4 < zl/3.

We pick out the coeflicients in the above identity for the terms with n € 7.
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We have
1
(2.2) }:ﬂ@:wezmzzﬂ:w@—w@—myuwa%H%x%
k>1

the contribution from prime powers being negligible. Now the Dirichlet series
for ((s)II(s) —11is Y, -, a(n)n™° where a(1) = 0 and a(n) = 0 unless all
prime factors of n are > 2, in which case a(n) = 1. Furthermore, the Dirichlet
series for (¢(s)II(s) — 1)* is >, < ar(n)n™*, a) being the k-fold Dirichlet
convolution of a with itself. This means that ay(n) = 0 unless n > z* and
p > z for all p|n. Hence there are no terms n™° with n € Z and k > kg, and
we may consider only the values k < kg.

As pointed out in Section 2 of [4], the above identity does not give
suitable Dirichlet polynomials at once, and we first need to approximate the
above Dirichlet series by manageable Dirichlet polynomials. We set

1
Ce(s) := —.
: nzqn

We introduce parameters z; € [3,2z) and zy := z{, where § > 2 and define
v, by means of

Io(s) := H (1_1)15) = Z“(Z)””

Then define IT;(s) := II(s)IIo(s)~%, L to be the integer such that zI <

2r < 2k and

m@FZMﬁﬂzMW_Zl

n<zo 21<p<z pms’
form=1, ..., L. Finally, we set
L L/m I
T@:H%@WMe%@:Z%z%W.
m=1 =0

We remark that our choice of the parameters ensures that the coefficient
of n=% in IT;(s) is the same as the coefficient of n=* in II*(s). We now
introduce the Dirichlet polynomials we shall work with. Let B, C, and D
be integers such that

t/2<2B <t 2/2<29 <z, z/2<2P <z,
and set

(2.3) G(s) = Xo(s),  Xp(s):= > n-’,

b=0 2-1-bicn<2-bt
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C
(24)  I(s) =) Yels),  Ye(s):= > pn)onn=?,

2-1-czo<n<27 2y

=0
D
(25)  Sals)=>.28s), 2= Y pme
d=0 27 1-dcp<a—d,
P>z

Hence, for suitable coefficients ¢, 5, we have
M(h)
(2.6) (Ge() T ()IT* (5))" = > o W (s3m, D),

m=1

where the Dirichlet polynomials W have the form

(2.7) W (s;m, h) = Wx (s;m, h)Wy (s;m, h)Wz(s;m, h),
with
h h
Wx(s) = [[ Xu.(s), Wy (s) =[] Vel(s),
(2.8) i=1 i=1

L I,
Wz(s) = [T 128,

m=14i=1
where each I, is < hL/m, and we dropped m and h for brevity. Writing
(2.9) X; =27t big Y =07y, =271y,
and I =3 I, we have

(2.10) W(ssm,h)= Y. em.n (1)

nS
N1 <n<Ns
where
h L I,
(2.11) Ny = HXzyz H HZi and Ny := 22" N,
i=1 m=1i=1

Since we are interested in the coefficients of the terms n™* with n € Z(t, ),
we may obviously discard those sums W(s) with Ny > t or Ny < t/2,
leaving, after relabeling,

N (h)

Z cm, W W (s;m, h),

m=1
say. As usual, we denote by d,,,(n) the coefficient of n™* in (" (s). We now

state the following results, the first being a consequence of Theorem 2 of
Shiu [9].
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LEMMA 3. For fixred € > 0 and m, h € N we have
Z dﬁl(n) e m,h Y(log x)mh,17
r<n<z+y

uniformly for x¢ <y < x.

LEMMA 4. For t € [z,2x] there exist Dirichlet polynomials W (s;m,h)
satisfying (2.3)—(2.11) such that

N(h)

K
> ar(n) =) (-1 ( ) Z Cmn Y €mn(n) + O@OL*5/?)
h=0

neL(t,0) nez(t,0)
when 2129 < 28 and § > (loglog 21)?.

The proof is quite similar to the proof of Lemma 3 of [4], using Lemma 3
above. We omit it for brevity. Set

N(h)

S(h,t,6) Zcmh Y. emnln

n€Z(t,0)

(here a minor clash with the notation of [4] occurs). Then

S(t,0) =m(t) —7w(t—0t) = > Z (h,k)X(h,t,0) + O(E(t,0,6)),

1<k<kg h=0

say, where a(h, k) < 1 and E(t,0,0) < 0(x'/? + 2L£3%679/3) by (2.1), (2.2)
and Lemma 4. Our aim is to prove that each X' can be written as

(2.12) S(h,t,0) = 00 (h,t) + R(h, t,6),

where 9(h,t) is independent of 6 and R(h,t,6) is small in L? norm over
[x,2x]. In fact, assume that (2.12) holds for suitable 9t and R, and let

k
> > alhk)Im(h,t)

1<k<kg h=0

k
> ) a(h k)R(h,t,0),

1<k<ko h=0

so that S(t,0) = 0M(t) + NR(t,0) + O(E(t,0,9)). Since (a + b + ¢)? <
a® + b + ¢ we have

(2.13) T(2,0) < QSx {92 <9ﬁ(t) _ lotgt> o 9)2} dt

xT

+ 92x3£3k—2(6—6/3 + [’3k5—26/3).
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The error term is <4 2302L£~4 for any fixed A, provided that 6 > log L,
which we assume. Hence by Lemma 1 and (2.13) we have proved

LEMMA 5. The Theorem follows from the estimates

(2.14) i M(t) — —— S Z (z) + 08lo8Z 2
’ § log ¢ z\° log x ’
2z 2302 2
0 log log x
2.1 2 —_
(2.15) §|m(tey dt < = (a(x)—i- og = )

uniformly for x=5/6=¢(®) <9 < 1, provided that § > max(log L, (loglog 21)?).

We shall prove the first part of Lemma 5 in Section 5 by taking 6 “large”,
whereas the proof of the other estimate is achieved by means of mean-value
bounds as described below.

3. The case k < 2: reduction to mean-value estimates. For brevity
we write s = s(7) = 1/2 + i throughout this section. By Perron’s formula
(see Lemma 3.12 of [10]) we have

5 — (t—0t)*
(3.1) X(h,t,0) Z Cm,h S (s; m,h)f dr
m=1 —To
1 N(h) Nz (m) " 1/2
+0( S lnal > lematl(%)
j=0m=1 n=Ni(m)+1
=1
xmin(l,Tol logt_‘yet >>

The error term is estimated in Section 6 where we prove that

N (h) To

t* — (t —0t)°
(3.2) X(h,t,0) Z Cm.h S (s;m, h)(s) dr
—To
T or 3h
+ O(e (log N7) >7

To

where
N7 = 1§nI?§J}\<f(h) Ny(m).

The main term of X will come from a short interval: for |7| < T} we have
5 — (t — 0t)*

S

(3.3) = 0t° 4+ O(|s]|6%t'/?).
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Hence, setting Sy = Sy(h) := ZN(h) |Cm.hls

m=1
N(h) T

M(h,t) = 5 2 Cm,h XT W (s(1);m, h)t* dr,
(3.4) T

Jo = Jo(h) == L max ; |W (s(7);m, h)|dr,
we have

N(h) T
1 . t5 — (t — 0t)*

(35) 5 gcm,h _ST W (s;m, h) . dr

= 0M(h,t) + O(Ty JpSe0%x/?).
Summing up, from (3.1)—(3.5) we have
(3.6) X(h,t,0) = 0M(h,t) + Rq(h,t,0)

1 W o 5 — (t — 61)*
5 2 cm7h{ Sfo + 751 }W(s; m, h)f dr

= em(h’v t) + S}}‘1 (h7 ta 0) + m2(ha tv 9)

say, where M (h,t) is independent of §. The ranges [—Tp, —11] and [T, Tp]
are dealt with by means of the following mean-value bound, which will be
proved in Section 7.

LEMMA 6. There is a constant Cy > 0 with the following property. Let

(3.7) n=n(T) := CologT)~*3(loglog T)~1/3
and
2
&= exp{( £ ) loglogzl}
log 21
and assume that z1 = z1(x) and 6 = d(x) are functions of x such that

§ > (loglog z1)?, logzy > L2/3, 20 = 29 = 2°V) and € = 2°V). Then for
each fixred o € (0,1/12) there exists § = B(«) with 5 € (0,1/42) with the
following property. Let

2/t < Sa:l/?’_o‘ and 3<T <T, = g%/6+8,

Then fort € [z,2x] and h < 2 we have

2T
[ W (s(r)m, )P dr << 2 (27 4 7170,
T
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We obviously have

N(h) To 5 — (t—0t)*
ZR2(h7t76) < Z ’Cm,h’ S W(S;mah)—dT
m=1 T1 5
and this means that
2x
(38) | [Ra(n,t,0) dt
2x T() 2
t5 — (t — 0t)°
< 82  max S S W(s;m, h)¥ dr| dt.
1<Sm<N(h) ) P s

The next lemma is needed to invert the order of integration.

LEMMA 7. Let F(s) be a continuous complex-valued function. Then for
1<Ty <Ty<xands=1/2+ it we have

2x , Ty ts—(t—et)s 2 2T
S S F(s)————dr| dt < z*6*L£* max S |F(s)|? dr.
a g S T <T<Ty 7

A proof can be easily given by squaring out the integral, performing the
integration with respect to t first and then using the elementary inequality
lab] < |al®> + |b|* on the remaining double integral. A form of this result
appears as Lemma 2 in Harman [2] and elsewhere. We omit the details for
brevity.

We remark that £4 <4 € for any fixed A, that Ny <« 22y « £z
and that the definition of W easily implies Jy < Ti2'/2. The next lemma is
proved in Section 6.

LEMMA 8. For large enough x we have

L
|So| < exp {h
log 21

(log 5)2}.

Hence £2S52 < €. We now choose kg := 4 and set

2 k
M, (t) := a(h, K)M(h, 1),
k=1 h=0
2 k
R;(t,0) = > alh,k)R;(h,t,0),
k=1 h=0

for j = 1,2. Summing up, from Lemmas 4, 6-8, and from (3.2), (3.5)—(3.8)
we have

(3.9) 7(t) — m(t — 6t) — % S as(n) = 0T (8) + R (1, 0) + Ro(1,6),

neZ(t,0)
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where
(3.10) R (t,0) < 2ETy ' + 202ETE,
2x
(3.11) | 1Ra(t,0) dt < 230269 (27 0 TV,

and & := n(T1). We finally choose our parameters as follows. First we choose
6 := (log £)? so that 6 > max(log £, (loglog z1)?) if z; < x, and 2z = 2°()
provided that log 21 = o(L(log £)~?). Next, we choose T} := £ and observe
that T7 tends to infinity with x. The choice
z1 = exp{ L3 log L}
implies
Zl_g <4 5_A,

for any fixed A. We now see that the hypotheses of Lemma 6 are satisfied
and (3.9)—(3.11) finally yield

LEMMA 9. Let o, 8 and z be as in Lemma 6. For t € [x,2x| there exist
functions My (t) and R'(t,0) such that

1

m(t) = m(t = 0t) - 2 D as(n) =09 (t) + R'(L,0),
n€Z(t,0)
where My (t) is independent of 6 and

2x
S IR/ (t,0)> dt <a 230°L74,

for any fized A, provided that
(3.12) 275/678 < 9 < exp{—100L£%°}.

4. The case k = 3: reduction to mean-value estimates. The anal-
ysis of the case k = 3 is quite similar to the previous one, but we have to be
slightly more careful in order to obtain a good error term. We exploit the
fact that each Dirichlet polynomial we use is the product of only 3 factors,
as opposed to Section 3 where the number of factors was 2h + I. Define

1 1
P(s) = Z — and P*(s):= Z —,
2<p<2z 23<p<2zx p

where 23 is a new parameter satisfying z < z3 < x1/3. Note that if n < 2z
then as(n) is precisely the coefficient of n=% in P(s)3. Let bs(n) be the
coefficient of n=* in P*(s)3. We write P;(s) = P(s) — P*(s) so that ag(n) —
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bs(n) is the coefficient of n~*% in

3
P - P =3 (2 Al e

if n <t. We write

Pi(s)= Y _ Pus) and P*(s)= Y  Pels),

—E<e<0 1<e<F

where E and F are integers satisfying 2777123 < 2 < 27F 23 and 2F 7123 <

2x < 2F 23, and
1
P.(s) := E —.

2071 23 <p<2©zg

z2<p<2z
Since E, F < L, for some M < £3 and ¢,, < 1 we have
M 3
P(s)® — P*(s)® = cmP(s;m)  where P(s;m) = H P, (s)
m=1 j=1

with e; < 0. Write V; := 2¢i 7125 so that
fm(n)
P(S;m) - Z T:Ls )
Ng<n<Npy

say, where Ng := [[,; Vj and Ng := 23 Ng. As above, we discard those P(s;m)
having either Ng >t or Ny < t/2 and relabel the remaining ones so that for
some N < M we have

(4.1) Yooatn)= Y )+ Y Y fmln)

n€Z(t,0) n€Z(t,0) m=1neZI(t0)

The same analysis of Section 3, with the bound |f,,(n)| < 3!, yields
1/2+iT,

> fam=gn | P o).

i) T,
neZ(t,) /24T,
for Ty < x. The ranges [—T5, —T3] and [T5, T3] are treated by means of the
following mean-value bound, which will be proved in Section 8.
LEMMA 10. Let 2'9/60 < 2 < 2'/3 and 25/ < Ty, < ''/'2. Then, if
P(s;m) is as above with Vs > Vo > Vi > z/2, we have
27

1
P<2 + iT;m>
T

S

uniformly for 3 <T < Ty, where n is given by (3.7).

2
dT<<$£62(Z;n/6+T—1/6+(Tz‘/g%/?)l/g)
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We proceed precisely as in Section 3, using Lemma 7 again with F(s) =
P(s;m) and (3.3) for the range [—T3, T3], obtaining

1/2+iT5
1
42) ) fm(n) = 05— S P(s;m)t* ds + 9R1(3,t,0) + R (3,1, 0),
neZ(t,0) 1/2—iT5
where
(4.3) M1(3,t,0) < xLTy ' 4 20T,

2x
(44) (1R, 4,0)[7 dt < 202 (2 2 + T 4 (v,

T

and ¢ = n(Ty). Since V7 > a:z?)_l we have T2V3_5/2 < ng§/4x_5/4. We
finally choose the parameters: Let v be a sufficiently large positive con-
stant and set Ty := LV maX(Q_l,a:5/6), Ts := £ and also 219/60 < 2, <
L7V min(0*/°2, 2/3). Then (4.1)-(4.4) imply

(4.5) > as(n)= > bs(n)+0Ms(t, z5) + R(L,6, 23),
neL(t,0) neL(t,0)
say, where 3(¢, z3) is independent of 6 and

2z
(4.6) S IR (t,0, 23)|% dt < 2362L5077/18

x

provided that 6 satisfies (3.12). Now choose z := 2'%/60 so that the hy-
potheses of both Lemmas 6 and 10 are satisfied, and take v := 1500. Hence,
from Lemma 9, (4.5) and (4.6) we deduce

LEMMA 11. There exists a small positive constant A such that if
7072 < 9 < exp{—100£*"}
and
(4.7) 219/60 < 4y < L1500 min(94/5x,931/3)

then for t € [x,2x] there exists a function IM(t,w) independent of 6 such
that

48)  w(t)—m(t—6t) — % S bs(n) = 0t w) + R (2, 0, )
neZ(t,0)

where
2x

S IR(t,0,w)|? dt < 2302L~2.

x
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It now remains to estimate the contribution of bs(n). First we remark
that

2z 2 2z
(4.9) S ) Z bg(n)‘ dt < < sup Z bg(n)) S Z bs(n)dt
T neL(t,0) t€lz.22] | o710 T neL(t,0)
and that a simple argument based on the Brun—Titchmarsh inequality gives

min(2z,n(1-60)"1)

(4.10) S Yo bsmydt< > by(n) S dt

z neZ(t,0) r—0x<n<2x max(x,n)
<bx > by(n) <z Y >
n<2x w<p,q<2a/w? r<2z/(pq)
02 1\? 622 [log(zw=3)\”
ST p) ST\ )
w<p<zz/w? P

The same argument leading to (4.10) shows that the expected order of mag-
nitude for the supremum over ¢ in (4.9) is 2L~ (log(zw=3)/L)?, and this
would imply the Theorem with the exponent 2 attached to the last factor re-
placed by 4. But we are unable to prove such a good bound. By Theorem 3.4
of Halberstam—Richert [1] we find

0
sup Z bs(n) < Zx,
t€lr.22] | e 7 0y

the lower bound in (4.7) ensuring that we save a log factor over the trivial
estimate. We collect these results in the form of

LEMMA 12. Let 6 and w be as in the statement of Lemma 11. Then

Z bg(n)rdt < 0272;3 (log(.azw_g))%

T neZ(t,0)

5. Conclusion of the proof: the main term. Here we choose 6 as
large as possible, i.e. @ = 6y := exp(—100£%/?), and any w satisfying (4.7).
The Prime Number Theorem gives

Oot 62
m(t) — 7wt — fot) = @ + o@;).

Hence (4.8) yields

t 0
GO(SUI(t,w)—logt> Z bs(n) — R(t, bo, )+0(‘T£2°>,

nEI(t 90)
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so that by Lemmas 11 and 12 we have

2 C30 2
> it < 302 <log(:vw 3)) w302 230

2x
(5.1) 63\ (Sm(t, w) — & - 50+

J logt

We finally take
w = L7190 min(64/5z, 21/3).
This choice of w implies that the left hand side of (5.1) is
302 log log x 2
< (6(1‘) + Tlogz >

and the first estimate of Lemma 5 follows. The second part of Lemma 5 is
a consequence of Lemmas 11 and 12 and our choice of w. The proof of the
Theorem is therefore complete.

6. Proofs of (3.2) and Lemma 8. In order to prove (3.2) we first need
the bound

D lemnl - lemn(n)] < dan(n).

m

By (2.6) this sum is bounded by the coefficient of n=* occurring in

L
h
2h
*Em )
o T ew (5 5n0)
which, in its turn, is bounded by the one in

6P TL eww (2500))

m>1

and the latter is a partial product of ((s)".
We recall that we chose Ny > t/2 and that Ny = 272"=I N, by (2.11).
Setting

N;:= min Nj(m),
1<m<N(h)

the error term with j = 0in (3.1) is

t
log —
n

)

since each n counted in (3.1) is > Ni(m) > N4 > 2271 For the sake of
brevity, for r € N let

H, ={n € (N}, N7 : Ty < |log(t/n)| < (r + )Tt}
Observe that H, # () only for 0 < r < M, say, with M < IT,. Then the

(6.1) <2 3" dgp(n) min <1,TO—1

N, <n<Ny
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sum in (6.1) is

<> dan(n) + > > Ty tdsn(n)

neHy r=1neH,

M
< Y ds(n)+) Y Ty () (rTg )

nGHO r=1neH,

<<Z +1 Z dsn(n

neH,

Furthermore T ' exp(—rTy ') < |H,| < tTy ' exp(rTy ') for all r < M,
and (3.2) follows using Lemma 3. The term with j = 1 in (3.1) is dealt with
in the same way.

t
log —
n

For Lemma 8 we need the following elementary inequality which is easily
proved by induction: For any integer A > 2 and real number B > 3 we have
A n
S B
n!
n=0
Arguing as in Section 5 of [4] we find, after a simple computation,
L/2

So < (B+1)"(C+1) exp{th E—i—h—l QLD}

< exp {hlo£z1 (log ﬁ)Q},

for large enough z, since B, C', D < £ and z; = 2°(!), and Lemma 8 follows.

7. Proof of Lemma 6

Preliminaries. The proof is quite similar to the proof of Lemma 8 in [4].
For the sake of brevity we do not duplicate the whole argument, but merely
give the needed modifications. We say that a set S of points 7, € [T, 2T]
is well spaced if |1, — 7| > 1 for every 7,,,, 7, € S with n # m. We write
s =1/2+i7 and s,, = 1/2+i7, throughout this section. We need an estimate

for
° 2T

Ji(T) == S W (s)|? dr.
T
We first write W as the product of W7, Wy and W3, where

IT X0 [ 2005, = I (s H (5),

X, > i=1 X<z i=1
Ws(s) := W (s)(Wi(s)Wa(s)) ™
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We also set

I h L I,
S I C Y (. | 3
X;>z1 =1 X<z =1 m=2 i=1

so that z1x223 = N; < . We observe that \Zc(i:n)(s)| < Zil_m/2 for m > 2
and large enough xz, whence |W35(s)| < 1.

The main tool to obtain mean-value estimates such as our Lemmas 6 and
10 is a combination of Montgomery’s mean-value bound (see Theorem 7.3
of [7]) and the Haldsz method. These are summarized in the following

LEMMA 13. Let K(s) be the Dirichlet polynomial

ns ’
n<K

where K > 2 and |k(n)| < 1 for every n < K. Assume that |K(1/2+1i7,)| >
K for a set S of well-spaced points 1,, € [T, 2T]. Then, uniformly for g € N,
we have

IS| < {K™29KY9 + T min(KX 29, K% K9)} exp{6g° loglog K }(log TK)®.
This is (8.4) and the following is Lemma 19 of [4].

LEMMA 14. For every factor K(s) of Wi(s) we have
K(s) < KY2(z; "+ 774 L2,
uniformly for T € [T, 2T, where n = n(T) is given by (3.7).

Actually, if x3 is large enough, x3 > 21, say, we see that Lemma 6 follows
directly from Montgomery’s mean-value bound. In fact, we have

2T 2
Cn
Ji < sup [Wa(s)* | [Wi(s)Wa(s) P dr < (T +a1a2) ) u,

n
T€[T,2T) 7 Nz

for suitable coefficients ¢,,. The same argument leading to Lemma 13 above
implies that the last sum is < £ 2h2, and the hypothesis on x3 ensures that
T+ xi20 < T2, ! which is more than enough for Lemma 6. Hence we may
assume in what follows that x3 < z;. We remark that from the definitions
above and (2.11) we have x5 = 2°() and z; = 2'T°(1). We do not rule out
the possibility that W; consists of a single factor X;,. We use Lemma 14
in conjunction with Montgomery’s mean-value theorem if W; has at least

one factor X, (s) or Zg)(s) with X; < 2'/6=2 or Z; < /6~ respectively.
In fact, setting K(s) = X, (s), K = X; (resp. K(s) = Zc(lj)(s), K = 7;),
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Wi(s) = K(s)Wy(s), x4 = x1/K, in this case we have
2T
Ji < sup [Wa(s)Ws(s)[? S (Wi(s)|? dr
TE€[T,2T] i
2T
< a2K (2 "+ T72) | [Wa(s)* dr,
T
and the last integral is estimated by means of Montgomery’s theorem, giving
’2
J K —2n T72 T |Cn|
1 << 2K (2; "+ )( —i—m)Z—n :

n<xzy

for suitable coefficients ¢],. As above, the last sum is < 52h2, and the hy-
pothesis on K ensures that Lemma 6 follows in this case, with g = a/2.

From now on we may assume that every factor K(s) of Wi(s) has K >
21/6=2 Thus we have 1 < 12 and there exists a set S of < T well-spaced
points 7, € [T, 2T such that

JL <Y W (sa)l”
Th €S
The contribution to the sum of the points 7, for which some factor of W7 is
< 27! is easily seen to be < T. We discard these points, and from now on
assume that each factor of Wi is > 2~ !. Then we split the range for each
factor of W (s) into dyadic intervals [D;,2D;) (if the factor is an X, (s)) or
[E;,2E;) (if the factor is a Zc(l})(s)), where

! <<D]-:2d<<Xi1/2 and '« B =2°< Zil/2

for some integers d and e. We observe that our hypothesis that each factor of
W1 (s) is not too small ensures that the number of ranges (that is, the number
of values taken by d and e above) is < C3L in each case, for some absolute
constant Cy. For brevity we write £y = 2C3L. We may divide the remaining
points into at most (Lo/2)"*t7* classes S(D,E) where D = (Dy,...,Dy)
and E = (Fy,..., Fy,), for which

(7.1) Xy, (sn)| € [Di,2D;) and |25 (s0)] € [Bi, 2E)).
We write

P(D,E) := HDi HE
As above, we estimate Ws(s) trivially and conclude that

LEMMA 15. There ezists a set S(D,E) of well-spaced points T, € [T, 2T
satisfying (7.1) and such that

Ji < T+ z,P(D,E)?S(D,E)| LA+
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We shall give upper bounds for |S| by means of Lemmas 13 and 14. Since
these bounds are essentially the same as in [4] we simply quote the results.

LEMMA 16. If the hypotheses of Lemma 13 hold for K(s) = X;(s) with
K =2X,; > T2 then either

(7.2) K < KY*T(log K)*
or
|S| < K~*T(log K)°.

This is Lemma 18 of [4].
If (7.2) holds, the trivial bound |S| < T" and Lemmas 15 and 16 imply

LEmMA 17. If X; > %Tl/Q for some i then either

(7.3) S| < KT (log K)?
or
(74) J1<T+ :L'l.’BQTil,Cg—HH_Il .

The second estimate is proved taking K = D; in (7.2) and observing that
the definition implies that P < |W7(s,)]|. Since £g+h+h < £ and z125 < 7,
(7.4) yields the conclusion of Lemma 6 and more.

Large factors of Wi(s). The argument here is essentially the same as
in Section 8 of [4], and Lemma 6 follows precisely in the same way, since
the results in that section are bounds for |S|. We take a factor of Wi(s),

K(s) = Xp,(s) or Zc(lj)(s), and let K = 2X, or 2Z;, K = D, or E; accordingly.
We define o by means of K = K?~1/2. The argument in Section 8 of [4] is
as follows: if ¢ is the maximum value of a ¢ occurring above then

(7.5) PD.E? <[ D [[ B <o,
) )

and by Lemma 15 we have
(7.6) J < T+ zz2¥ 2L 1 S(D, E)|.
If ¢ > 5/6 then suitable choices of g in Lemma 13 yield
IS(D,E)| < (T?72¢ 4 24749) £2963/2)
and the upper bounds for 7" and z in the hypothesis of Lemma 6 together
with (7.5) and (7.6) yield
J < T+ mgso—l)/ﬁﬁgwhﬂlgs/z.

The upper bound for xf_l which we need is provided by Lemma 14 and
the inequality K < z. In conclusion, since L' <4 &, we see that Lemma 6
follows if ¢ > 5/6.
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Conclusion of the proof of Lemma 6. In the remaining case, Heath-
Brown’s argument leads to the stronger inequality

(7.7) Jy < xt

for some v > 0. This follows from several bounds for |S| which are essen-
tially the same as in our case. We very briefly sketch the argument, without
entering into the details. First the hypotheses of Lemma 6 ensure that

J < T +2°Wp2s|.
By means of Lemma 13 we prove the following bounds: If K(s) = Xj,(s)
then
T12(0=0)/520(1)  in any case,
‘8’ < (T/Xi)474axo(1) if T2/5 <X; < T1/2,
T2_201’O(1) if X; > Tl/27
and if K(s) = Z((ij)(s) then
’S‘ < TlQ(l—o)/E)xo(l).
Using these bounds we see that (7.7) holds provided that the following
conditions hold.
First case. If X; > x1/3%9 for some § > B and 0 > ¢ — e we need to have

’y<min(%— ,%8—% —25,%5—%5—25).

Second case. If X; > x/3%9 for some § > 8 and 0 < ¢ — ¢ we need to
have
’y<min(%—ﬂ,§s—ﬂ).
Third case. If X; < /319 for all i we need
7<min(%—ﬂ,%a—ﬂ—45a,%a—%ﬂ—%).
Now, we easily see that the choices

_ 1 1 _ 1
0=735. B=3zn =30

allow the choice v = «/50 and satisfy the hypotheses of Lemma 6.

8. Proof of Lemma 10. This lemma is proved in a similar fashion to
Lemma 11 in [4] and we simply sketch the argument, with the necessary
changes. As in Section 10 of [4], let F = (F}, Fs, F3) and S(F) be a set of
well-spaced points 7, € [T, 27T such that

F; <|P.,(1/2 +im,)| < 2F; fori=1,2,3.

The same argument of Section 7 gives
2T 3
(8.1) S |P(1/2 +im)|? dr < T + L3S(F)| [ | F7
T i=1
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for some F. Fix an index ¢ and set K = F; = Vfﬁl/Q and K = 2V;. We
remark that our choice of parameters implies that

(8:2) T/ <« K < T}/

We use Lemma 13 with several different values of g. First, if ¢ = maxo >
5/6, we choose g = 2 and (8.2) implies that

IS(F)| < T5 2L,
and Lemma 10 easily follows as in [4], on substituting into (8.1), since
I[TF? <T] 1/;2“0_1 < 22#~1. An upper bound for ¥~ is provided by Lemma
14. In the other case, choose g = 3 to obtain

(8.3) IS(F)| < K% 67,25
or ¢ in such a way that To K ~1/2 < K9 < T, K'/2. In the latter case we have
(8.4) IS(F)| < (TKY/?)2727£5

since g < 3 anyway. Since now o < 5/6, (8.3) and (8.4) imply
|S(F)| < K6—60(T2K—5/2)1/3£59
when K < T22 /* and when K > T22 /5 respectively. This means that
F16|5(F)| < (Ko—1/2)6K6—60£59 _ K3£59,
FZB‘S(F)| < (K071/2)6K6760(T2K75/2)1/3£59 _ K3(T2K75/2)1/3£59_

We use the former for ¢ = 1, 2, and the latter for ¢ = 3, take their geometric
mean, and from (8.1) we obtain Lemma 10 in this case too, since F? <
‘/’7/20’71 S ‘/;;-

9. Some comments. The knowledgeable reader sees at once that we had
to make a different choice for the Dirichlet polynomials from Heath-Brown
[4]. Indeed, the choice therein leads to too large error terms in Lemma 4
since we have a larger z than Heath-Brown and a much smaller h. This is
due to the fact that we need z to be almost x!/3, since we have the same
problems he encounters in Section 9 when the product W has 6 factors,
but already with only 3 factors. The slight additional difficulty is more
than compensated by the fact that we only have to save a little over the
estimate given by Montgomery’s theorem, since our problem leads naturally
to estimating the mean-square of a Dirichlet polynomial.

We did not use Watt’s mean-value bound (Theorem 2 of [12]) in prov-
ing Lemma 6, because the hypothesis 7 > K* (in our notation) limits the
former’s usefulness in this problem to a subrange of the values of the pa-
rameters in Lemma 6. In particular, the case when some function Xy, (s)
or Zy,(s) has length K (= X; or Z; resp.) bounded by z/6=% can be more
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easily handled by means of Montgomery’s theorem alone. Compare the com-
ment following the proof of Proposition 2.2 in [12] with the hypothesis of
our Lemma 17. Even the more general Theorem 1 of Watt’s paper [11] has,
essentially, the same disadvantage.

1]
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