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Generators and equations for modular function fields
of principal congruence subgroups

by
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1. Introduction. For a positive integer N, let I'(N) denote the prin-
cipal congruence subgroup of level N of SLy(Z), namely,

F(N):{(Z 2) ESLQ(Z)‘aEdEL b=c=0 (modN)}.

Let H be the upper complex half plane, and let
H* =HUPH Q) =HUQU {co}.

Then the modular curve X(NN) associated with the Riemann surface
I'(N)\H* is defined over the cyclotomic field kxy = Q((x), where (y =
e?™/N is a primitive Nth root of unity (cf. Chap. 6 of Shimura [6]). There-
fore if the genus gy of the curve X (V) is not 0, equivalently N > 6, then
the function field C(X(NN)) of X(N) over the complex number field C has
two generators s and ¢ such that

C(X(N)) =C(s,t), Fn(s,t)=0, Fy(X,Y)e€ Z[(N][X,Y],

where Fiy(X,Y) is a polynomial of two variables X and Y such that Fi(s,Y")
= 0 is an irreducible equation of ¢ over ky(s). Note that C(X(N)) can be
identified with the field A(N) of all the modular functions with respect
to I'(N). Further, the function field ky(X(N)) of X (V) rational over ky
is identified with the field Fy of all the modular functions of A(N) with
kn-rational Fourier coefficients at the cusp ico. (See §6.2 of Shimura [6].)
Thus such generators s and ¢ may be taken from the field §y.

The problem considered here is to give such two generators explicitly
using Klein forms. Moreover, we would like to know the properties of the
polynomial Fiy(X,Y'). For N prime, this problem was solved by Ishii [2] and
by the author and Ishii [1]. In [2], Ishii defined a family of modular functions
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X (1) (rez, r#0 (mod N)) by

N-1
(L1)  Xo(r) = Xi(7,N) ZG(—W> 11 28
s=0 8

where K, , (1) are Klein forms of level N (the functions K, ,(7) are modular
forms with respect to I'(2N2) of weight —1) and e(£) = 2™V ~1¢, See Kubert
and Lang [4] or Lang [5] for Klein forms. Then we know that X, (7) € §n
(resp. X, (7)°N € §n) if r is odd (resp. if r is even), where ex is 1 or 2
according to whether N is odd or even. In fact, we see that the Fourier
expansion of the functions at the cusp ‘0o has integral coefficients and its
leading coefficient is +1. He showed that for every prime N = p > 6, two
modular functions X5(7), X3(7) generate §, over k, (which implies that
Xo(7), X5(7) generate A(p) over C) and he also showed that for p = 7,11,
X3(7) is integral over Z[X5(7)] by constructing an equation satisfied with
Xo(7) and X3(7). Afterward, in [1], the author and Ishii proved that for
every prime N = p > 6, X3(7) is integral over Z[X5(7)] and determined the
irreducible monic polynomial F,(X,Y) € Z[X,Y] of X3(7) over Z[Xs()].
For a given prime p > 6, we can compute the polynomial F,(X,Y’) using an
effective algorithm given in [1]. For example:

FA(X,Y)=Y>- XY+ X (97 =3),
Fii(X,Y)=Y"2 - X"V® 4 2XY7 —4X°Y% + 5X4V° — 2Xx3y*
+(XB 4+ XHY3 — (3X12 + X)Y?
+3x1Y — X1 (g1, = 26),
F13(X, Y) — Y20 + XY18 _ X2Y16 _ X9Y15 + 2X3Y14 + 2X10Y13
_ 5X4Y12 _ 7X11Y11 _ X5Y10 4 14X12Y9
+ (X 4 6X5Y® —10XBYT — (3X%° +7X7)Y"
+(4XM - X))V 4 (3X2 + 5X%) Y
—4x Y3 - X2y? 42Xy — X190 (g13 = 50).
Note that all these examples have very small integral coefficients! (Compare
with the modular equation for the modular curve Xy(p) satisfied by the
elliptic modular functions j(7) and j(p7).)
The purpose of this paper is to extend the above results to all integer

N > 6 except for the integral property of the function X5(7) over Z[Xz(7)].
Our results are as follows:

THEOREM 1. Let N be an integer > 6. Then
(1.2) A(N) = C(X (7)™, X5(7)),

where en 45 1 or 2 according to whether N is odd or even. Further, the
function X3(1) is integral over Q[Xo(7)5N].
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We shall prove this theorem in Sections 3 and 4.

By this theorem, we know the existence of a polynomial Fy(X,Y) €
Q[X,Y] such that Fy(X2(7)*V,Y) is the irreducible monic polynomial of
Xs3(7) over Q[X2(7)%¥]. Since we can apply the method given in [1] to the
general case also, we can compute the polynomial F(X,Y"). Here are some
examples:

Fo(X,Y)=Y’=X?+1 (g6 =1),

FRX,Y)=Y"+2Y° + V3 - X'Y2 + X1 (g3 =05),
Fo(X,Y)=YS — (X5 - XHY3 + X" —2X* + X (go = 10),
Fio(X,Y) =Y™" 4+ 4X2y10 4 2v% — X0y7 — 2Xx1yS

+3X%Y° + Y4+ X838
—3X%Y? 4+ 3XY — X? (g1 = 13),
Fio(X,Y) =Y -2y 1 (6X* + 1)V — (X® — 14X*) Y12
—(7TX3+ XYY + (X2 +6X5 4+ 9X*)Y"
— (2X" —4x® 42XV + X112 - 2XB + Xt (g2 = 25),
Fiu(X,Y) =Y - 10X2Y33 + 33 +8X0y30 —7x4y28 _ x10y27
—17X%Y?6 £ 26X3Y?5 4+ 3Y2* +106X°Y 23 — 10X 12?2
+ 27XV 104X 10720 (X106 — 5X%) Y1 — 130X8Y!8
+ (31X M 4+ )Y +13X6Y16 4 98 X2y 15
— (38X —26 XYM £ 15XV 13 — (26X16 — X?)y1?
—53X8Y — 26 XMy 1Y 4+ (3x20 —36X°%)Y?
+34X12Y8  (4x1® —8XH)YT + 13Xy
_ (Xlﬁ + X2)y5 _ (Xzz _ 5X8)y4 _10x14y3
+2X2072 - X8 (g4 = 49),
Fis(X,Y) =Y* 4 3x37v* — (X" + X)v?' + (XM 4+ 13X° + 11Xx*)Y''8
—(9X'T 422X —7XT 4+ XY 4 (X £ 15X%0 —9Xx1®
+ 14X 1 4XP)Y2 - (2X%8 44X —6X B 419X 13
—21X% 4+ 2X3)Y? 4+ (X 4+ X —4X0 ¢ XM X)Y©
—(2X% —6X2* 44X 4 4xM —6XY 4 2XY)Y?
+ X% —4X?2 46X —4X2 4 X7 (g15 = T73).
Note that Fg(X,Y) =0 and F7(X,Y) = 0 are the same equations as Klein
has obtained from a different point of view (cf. Chap. 5 and 6 of III in

Klein-Fricke [3]). In view of these examples and the result in the case N
is prime, we think it is likely that X3(7) is integral over Z[Xy(7)¢V] for all
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integer N > 6. However, we are currently unable to prove this conjecture.
It seems impossible to prove it similar to the proof for primes in [1].

Acknowledgements. The author would like to express his hearty grat-
itude to Professor N. Ishii for encouraging him to consider this problem and
for the useful advice.

2. The properties of the functions X, (7). For an integer N > 6
and an integer 7 # 0 (mod N), let X,.(7) be the function defined by (1.1).
As mentioned in the introduction, by the fundamental properties K1-K4
of Klein forms in §1 of Kubert and Lang [4], we know that X,.(7) € A(N)
(resp. X, (7)Y € A(N)) if r is odd (resp. if r is even). Further, we deduce
the following properties of X,.(7T).

PROPOSITION 1. (1) X, ysn(7) = (=1)kX,.(7) for k € Z.

(2) X_(1) = =X, (7).

(
(3) For A= <i 2) € SLy(Z), ¢=0 (mod N),

r? —1)a ra(T
X(4m) = o TG )y R,

(4) In a neighborhood of the cusp ico of I'(2N?), the function X,.(7) has
an infinite product expansion:
g
qpn 1 qpn+1)

1—q"
X, (r 1)(r+1—-N)/(2N)
(1) = 1_qH
where ¢ = e(1) = e2™VI7,
(5) X,-(7) has neither poles nor zeros on 'H.
Proof. The statements (1)—(4) are obtained from K1-K4 in §1 of Kubert

and Lang [4] by elementary computation. The statement (5) is deduced from
the fact that Klein forms K, ¢(7) have neither poles nor zeros on H. m

In particular, the function X, (7) (or X,.(7)*V) € A(N) has an z-expan-
sion at the cusp ico with integral coefficients and leading coefficient +1,
where x = e(7/N) is a local parameter at the cusp ico.

Now, for a fixed N and r, let us denote by X (7) the function X, (7) or
X, (1) according to whether r is odd or even. In the following, we shall
compute the order of X (7) at the cusps of I'(N).

LEMMA 1. Let N be an integer > 3. If N is odd, then put
S={(u,v)|[1<u<(N-1)/2, 1<v<N, (u,v,N)=1}
U{(N,v) |1 <v<(N-1)/2, (v,N)=1}.
If N is even, then put
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S={(u,v)|[1<u<N/2-1, 1<v <N, (u,v,N) =1}
U{(N/2,v) |1 <wv<N/2, (v,N/2)=1}
U{(N,v) |1 <v<N/2, (v,N)=1}.
For each (u,v) € 6, take a matriz B(u,v) € SLa(Z) so that

B(u,v)z(u :) (mod N).

(Y

Then the set {B(u,v)(ic0) | (u,v) € &} of rational numbers is a system of
representatives of inequivalent cusps of I'(N).

Proof. See Lemma 1.42 of Shimura [6]. =

For each (u,v) € &, let P(u,v) denote the cusp of I'(IN) represented by
a rational number B(u,v)(ico). Then the order v, ,(X (7)) of the function
X(7) at the cusp P(u,v) is defined to be the order of the z-expansion of
X(B(u,v)(7)) at the cusp ico. To state the order of the function X (7) at
the cusp P(u,v), let us define a function a,,(w) (w,m € Z) by amy,(w) =
(W) (W), — m), where (w),, denotes the smallest non-negative integer
congruent to w modulo m. Note that «a,,(w) is determined by w mod m,
and ay, (w) = apy (—w).

PROPOSITION 2. For any (u,v) € S, let m = m, = GCD(v, N). Then

Ll (ru) — am(u)) if v is odd
— 2 \(&m m )
Vo (X (7)) { (en/2)(am(ru) — au(u)) if r is even.
Proof. Let r be odd. By K1 and K4 of Kubert and Lang [4], we have
N-1
X (B(u,v)(1)) =" H Krutsorur+so (T) [ Kutsvurtsor (T),
s=0

where ¢* is a non-zero constant. Therefore
| Nl
= — (an(ru + sv) — an(u+ sv)).
2N s

Vu,o (X (7))

If GCD(v, N) = 1, then it is easy to see that

N-1 N-1

N(N? -1
Z an(ru+ sv) = Z an(u+ sv) = —(6).
s=0 s=0

Thus,
1
Vo (X(7)) = 0= (a1 (ru) — ai(u))
in this case. Next consider the case m = GCD(v, N) # 1. Let v = km,
GCD(k, N) = 1. Then



202 N. Ishida

N-1
1
Uyo(X (1)) = N (an(ru+ sv) — an(u+ sv))
s=0
| Nl
= 9N ;)(GN(NH- sm) — an(u+ sm))
m N/m—1
= 9N 2 (an(ru+sm) — ay(u+ sm))
m N/m—1
=N Sz:[:) {{(ru+ sm)n({(ru+ sm)ny — N)
—(u+sm)ny({(u+sm)y — N)}
since Zi\zg@_%w +sm)y = ivz/gl_l(<w>m +tm) for any w
N/m—1

= o7 ; {({(rw)m + sm)((ru)m + sm — N)

— ((Wm + sm)((u)m + sm — N)}
m N/m—1
= IN ; (am(ru) — apm(u))
N/m—1
+m?((ru)m — (Wm) Y (25+1—N/m)
s=0

= L (rt) — am(u)).

2
In a similar way, we also obtain the desired formula for r even. m
COROLLARY 1. Let (u,v) € &. The functions X (1) have poles only at
the cusps P(u,v) of I'(N) such that
m = GCD(v,N) >3, GCD(u,m)=1 and 0<u<N/2.
Further, the order of the functions Xo(7)N and X3(7) at the cusps P(u,v)
are given by

Vo (X2 (7)) = g,y (Xa(1)Y) = %N(:m? — ma),
(X)) = v (el = { (o % LTS
where W s defined by

— { (w)m if {w)m <m/2,

m — (W), otherwise.

Proof. By the property of ., and straightforward calculation. =
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COROLLARY 2. (1) X3(7) has poles only at the points where Xo(7)N has
poles.

(2) If N is odd, then X3(7) has a zero at each point where Xo(7)N has
a zero.

(3) If 3t N, then Xo(7)N has a pole or a zero at each point where X3(T)
has a zero.

3. The generators of A(N). In this section, we prove (1.2). In the
following, for a modular function f(7), we write simply f instead of f(7)
if there is no danger of confusion. Let N be an integer > 6. Since A(N)
is an algebraic function field of dimension one over C, if f € A(N) is a
non-constant function, then A(N) is finite over the subfield C(f) of A(N).
In this case, we denote by d(f) the degree of A(N) over C(f). Our proof is
based on the next lemma.

LEMMA 2. Let L be a subfield of A(N) over C such that [A(N) : L] < co.
Let fi1,..., fn be non-constant functions of L. If GCD(d(f1),...,d(fn)) =1,
then L = A(N).

Proof. The degree [A(N) : L] is a divisor of d(f;) = [A(NN) : C(f;)] for
each i. Hence, GCD(d(f1),...,d(fn)) =1 implies [A(N): L] =1. =

First, we assume N is odd. So ey = 1 in this case. Let L be the subfield
of A(N) generated over C by Xs5(7) and X3(7). By Lemma 2, to prove
L = A(N), it suffices to show that there exist two pairs of positive integers
(i1,71) and (i2, j2) such that

GCD(d(X2),d(X5 + X3'),d(X3 + X)) = 1.
It is well known that if f € A(N) is a non-constant function, then
d(f) = deg(f)oo = (the total degree of poles of f).

(See for example Proposition 2.11 of Shimura [6].) Therefore, from the prop-
erty of a,,(w) and Corollary 1 of Proposition 2, we have

N\ N 3u? — mu
d(Xz) = — Z S0<m>m Z 5
m|N 0<u<m/3
m>3 (u,m)=1
where o(n) is Euler’s function.

Let us compute d(X4 + X3) for a pair of positive integers i and j. We
consider (u,v) € & such that the function X} + X7 has a pole at the cusp
P(u,v). By Corollary 1 of Proposition 2, the function X3 + Xg has poles
only at the cusps P(u,v), (u,v) € &, such that m, = GCD(v,N) > 3 and
0 <u < my/3. Let

& ={(u,v) €6 |my, >3, 0<u<my/3, (u,m,) =1}
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For (u,v) € &, we have by Corollary 1 of Proposition 2,

2
3u” — myu

Vu,v<X2) == 2 ;
Now we assume that ¢ and j satisfy

(@) - )N (2j — N _
s 2L [M}—L

where [z] denotes the greatest integer < z. (In fact, there exist i and j
satisfying the assumptions (3.1) for all N > 7.) Then, for a fixed v of (u,v) €
&', we know the following:

(i) If my, < N (i.e., v # N), then
Vao(X3) < Vyo(X]) & 0 <u < my/3, (u,m,) =1.
(ii) If m, = N (i.e., v = N), then
Vuo(X3) < vuo(X]) & 1 <u < my/3, (u,my,) =1,
VW,(Xé) > Vu,v(Xg) Su=1.

Vuo(X3) = 4u® — myu.

(3.1) i < 27,

Further, we see that v, ,(X3) < 0 and vy, o (X3) # vu.0(X3) for any (u,v) €
&’. Thus we get

1 ¥i _ ot ot . oo e 2_ .
d( X5+ X3) = E SO(m)m E mm{ 5 i, (4u mu)j}

m|N O<u<m/3
m>3 (u7m):1

N\ N 3u> —mu., 3-N. .

S So(m)m DL A PR VR Y
m|N 0<u<m/3
m>3 (u,m)=1

— id(X) + %{Q(N —4)j — (N — 3)i}.

Now, for each N > 7, we take two pairs (i, j) of positive integers so that

(i1,51) = <N 3N21> and (iz,jz):<N 5N23>

They satisfy the above assumptions (3.1). In fact, take (i1, j1) for instance.
Then we easily see that i1 < 271,

(2ph—i)N _ 2N N- 5 42,
8j1 — 311 N+5 N+5
and so [(28]]11%3121]\/] = 1. Therefore we obtain

A(X5 + X3') = i1d(Xa) + (
A(XP + X3?) = i2d(Xa) + (

= =
|
w Ot
X @
=
l\Dvl\D
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Consequently, we have

GCD(d(X2), d(X3 + X3'),d(X5 + X§?))

= (d(X2),(N =5)/2,(N =3)/2) = 1.

This shows (1.2) for odd integer N.

Next we assume N is even and > 6. We shall prove

A(N) = C(X2(1)*, X3(7)?)
instead of proving (1.2). In this case also, it suffices to show that there exist
two pairs of positive integers (i1, j1) and (ig,j2) such that
(3.2) GCD(d(X3),d(X3" + X37),d(X3"” + X37%)) = 1.
By a similar argument, if i and j satisfy the assumptions (3.1), we deduce
d(X2 + X27) = id(X2) 4+ 2(N — 4)j — (N — 3)i.
Now take (4, 7) so that

N-2 N N -2
(i1,51) = (2,4), (i2,72) = <N—4,2> if N =0 (mod 4),

N—-4 N-2 N
(i1,51) = (2,4>, (i2,72) = <N—2,2> if N =2 (mod 4).

For those (i, j), it is easy to show (3.2). This completes the proof of (1.2).

4. The equations for A(N). In this section we prove the last part
of Theorem 1. Put dy = d(X3"), d3 = d(X3). Since the degree A(N) =
C(X3V,X3) over C(X5V) is do, the function X3 has an irreducible equa-
tion ¥n(Y) = 0 of degree ds over C(X5"). Let §Fn be the subfield of A(N)
generated by all modular functions of A(N) with ky-rational Fourier coef-
ficients at the cusp ico. Since Fy and C are linearly disjoint over ky and
A(N) = CFn (cf. §6.2 of Shimura [6]), the result A(N) = C(X5~, X3) shows
that Fn is generated over ky by X5~ and Xj3. In particular, we can take a
polynomial ¥n(Y) in kx(X5V)[Y]. After multiplying a suitable element of
En[X5N], we can write

WN(Y) = FN(XSN,Y),
where
Fn(X,Y)=®g,(X)Y2 £ &y, ((X)Y2T1 4. 4+ &(X)Y + P(X)
€ k'N [X7 Y]a
@;(X) € kn[X] for all j, @4,(X) is monic, and Pq,(X),...,P:1(X) and
@o(X) have no common factors. We also write

Fy(X,Y) =) Ci;X'Y7, Cij€kn.

(2]
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In §3 of [1], we studied various properties of @(X) and C; ; for the case N
is prime. In that paper, Lemmas 2-5 were deduced from the behavior of the
functions X5 (7) and X35(7) at the cusps (e.g. Proposition 2 of [1]). Thus a
similar argument can be applied to the general cases. By Corollary 2 and
Proposition 1(3) of this paper, we deduce the following:

LEMMA 3. (1) @4,(X) = 1.

(2) Maxo<k<ds deg @k(X) = dg.

(3) If 3t N, then @¢(X) is monomial.

(4) If N is odd, then @, (X) is divisible by X for all k < da.

(5) If N is odd, then 3i + 8j # 8dy (mod N) implies that C; ; = 0.
(6) If N is even, then 3i +4j # 4dy (mod N) implies that C; j = 0.

By using Lemma 3(1), we can prove a result corresponding to Lemma 1
of [1].

LEMMA 4. Let N be an integer > 6. Then Fy(X,Y) € Q[X,Y].

Proof. From Lemma 3(1), Fnx(X,Y) € ky[X, Y] is the minimal polyno-
mial of X3 over C(X5"). Consider the constant function Fy (X5, X3) = 0.
We use the Galois theory of §n/Q(j) (cf. §6.2 of Shimura [6]). Let f(7) € §n
and f = > ¢,z™ be its Fourier expansion. Then any element o € Gal(ky/Q)
can be extended to an element of Gal(§n/Q(j)) by the action f7 =Y coz™.
Since the Fourier expansions of X5~ and X3 at the cusp ico have integral
coefficients, we have

0= Fn(X5V = X2+ (X5

Because the polynomial Y% + Z C7, X ‘Y7 is again the minimal polynomial
of X3 over C(X3Y), we have Cf; = C; ; for all o € Gal(kx/Q). It follows
that Ci,j €cQ. m

This proves the last part of Theorem 1.

Finally, let us explain how to compute the coefficients C; ; effectively.
Since a non-constant function of A(N) necessarily has poles and since
Fn(Xa(1)%N, X3(7)) = 0, we get a finite system of linear equations in C; ;
by replacing Xs(7)N and X3(7) with their z-expansions at the cusps where
X5Y or X3 has poles and by letting the coefficients of non-positive pow-
ers of x be equal to 0. By solving these linear equations we will be able
to determine all C; ; in principle. But, in general, the z-expansions are in
Z[¢n]((x)). Therefore, to calculate the coefficients (especially when we use a
computer) this method is not so effective. Let us consider the z-expansions
at the cusps P(u, N). At these cusps, by Proposition 1(3), the z-expansions
are essentially in Z((z)). Furthermore, by Lemma 3(5), (6), the elements of
the coefficient matrix of the system of linear equations can be taken in Z.
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(See the proof of Lemma 7 in [1].) For some N, making sufficiently many lin-
ear equations obtained by equating the coeflicients of powers of z, including
positive powers, we are able to determine all the coefficients of Fi(X,Y).
See the examples given in Section 1. The calculations were performed by
means of “Mathematica” on a Unix machine.
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