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Generalized Vandermonde determinants
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HANS PETER SCHLICKEWEI (Marburg) and CARLO ViOoLA (Pisa)

1. Introduction. Let £ > 2 be an integer, and let a, ..., a; be non-zero
elements in a field of characteristic zero. Define the function F(X,..., Xj)
in integral variables Xi,..., Xi by

afl .. a?l
(1.1) F( X1, o, Xk) =] i

op* apt
F(0,1,...,k—1) is the usual Vandermonde determinant and it is well known
that

FO,1L,.... k=)= [ (o;— ).

1<i<j<k

In particular, F(0,1,...,k—1) = 0 if and only if there exists a pair ¢, j with
1 <1< j <k such that a; = «;.

We say that F(Xy,...,Xy) is non-degenerate if for any pair i,j with
1 < i< j <k the ratio a; /o is not a root of unity.

It is the purpose of the present paper to study the equation

(1.2) F(z1,...,21) =0

with x1,..., 2, € Z and F' non-degenerate.
Our definition (1.1) shows that F' satisfies the functional equation

F(X1,. .0, Xp) = (a1...ap)  F(0, Xo — X1,..., X — X1).
Therefore, in studying (1.2) it suffices to study

(13) F(07y27"'7yk) =0

with yo,...,yx € Z.
We say that a solution (ya, ..., yx) € Z¥~1 of (1.3) is in general position
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if in the corresponding determinant

1 1
Y2 Y2

(1.4) “ W
e i

no proper subdeterminant vanishes. We prove

THEOREM 1.1. Let aq,...,qa be non-zero elements in a field of char-
acteristic zero. Suppose that the function F(Xi,...,Xy) defined by (1.1) is
non-degenerate. Then equation (1.3) does not have more than

(1.5) exp((6k!)3*)
solutions (ya, ..., yx) € ZE~1 in general position.

The significant feature in our bound (1.5) is that it depends only on the
dimension k but is completely independent of aq, ..., ak.

Our proof uses a recent result of Evertse, Schlickewei and Schmidt [4]
on linear equations over finitely generated multiplicative groups, and there-
fore implicitly it is an application of the subspace theorem in diophantine
approximation.

It is plausible that, under the assumptions of Theorem 1.1, equation
(1.3) has only finitely many solutions (yo,...,yx) € ZF~! satisfying some
condition weaker than the above. We state the following

CONJECTURE. Let ay,...,ax and F(Xy,...,Xy) be as in Theorem 1.1.
Then equation (1.3) has at most finitely many solutions (ya, . .., yx) € ZF~1
such that in the corresponding determinant (1.4) all (k — 1) x k and all
k x (k —1) submatrices have rank k — 1.

We postpone the proof of Theorem 1.1 to Sections 4-6.
In the next two sections we apply Theorem 1.1 to linear recurrence se-
quences.

2. Applications to recurrence sequences. For £ > 2 we consider
linear recurrence sequences (u,)ncz of order k, i.e., sequences satisfying a
relation

(2.1) Uptk = Vk—1Untk—1 + - - - + Volp.
For simplicity, we assume here that vg,...,vp_1 are given elements in an
algebraically closed field K of characteristic zero, and that vy # 0. To avoid
trivialities, we also assume that the sequence has initial values ug, ..., up_1 €
K not all equal to zero. Let

k
(2.2) Giz)=2" -y 12" =y = H(z — ;)

i=1
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be the companion polynomial of the recurrence relation (2.1). The roots «;
of G(z) are called the characteristic roots of the recurrence sequence (uy,).
We restrict ourselves to sequences (u,) with simple characteristic roots «;.
So in (2.2) we assume that

(2.3) a; #a; foralli,jwithl <i<j<k.
Notice that our hypothesis vy # 0 implies
(2.4) ay...a #0.

It is well known that under these assumptions our sequence has a represen-
tation

(2.5) Up, =a1a] +...+agay  (n€Z)

with certain coefficients a; € K, not all equal to zero, depending on the initial
values ug, . .., ug—1. Vice versa, given aq, ..., q € Kasin (2.3), (2.4), define
Vo, ..., Vg—1 by relation (2.2). Then for any choice of aq,...,a; € K not all
zero, the sequence (uy,)nez obtained via (2.5) is a non-trivial solution of the
recurrence relation (2.1).

In the sequel we will suppose that our sequence (u,,) has minimal order
k, i.e., that it does not satisfy a non-trivial relation (2.1) of order < k. This
is equivalent to the assumption that in (2.5),

(2'6) ai...ag 7é 0.

The zero-multiplicity M(0) of our sequence is defined as the number of
solutions n € Z of the equation

(2.7) U, = 0.

The theorem of Skolem—Mahler—Lech implies the following: Suppose (u,,) is
a linear recurrence sequence of order k with infinite zero-multiplicity M (0).
Then there exists a pair ¢,7 with 1 < ¢ < j < k such that «;/a; is a root
of unity. Accordingly, the sequence (u,,) is called non-degenerate if for each
pair i, j (1 <i<j<k),

(2.8) a;/a; is not a root of unity.

In [4], Evertse, Schlickewei and Schmidt have shown that, for any non-

degenerate sequence (u,) of order k with simple characteristic roots as
above, we have

(2.9) M(0) < exp(2(6k)>F).

For further references on this problem, the reader is referred to [4].

Our result in Theorem 1.1 implies that in most cases much more than
(2.9) is true. To discuss what may be expected, suppose first that in (2.5)
the coefficients a, ..., a, are real numbers and that aq, ..., a are positive
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numbers. Under these assumptions, it is easy to show that the equation
(2.10) araf +...+agay =0

even has at most k — 1 solutions x € R. Thus in particular, under the above
restrictions, for equation (2.7) we get

(2.11) M(0) < k—1.

We briefly give the argument for this assertion, using induction on k. For
k = 2, writing f = a1/as, a = —az/a1, equation (2.10) becomes 3% = a
with 3> 0, 8# 1, a € R. So we get at most one solution x € R.

Now suppose k > 2 and our assertion on equation (2.10) to be true for
k — 1. We write (2.10) as

(2.12) a1y +...+ap_10;_1 +ar =0,
with ; = «a;/a. The derivative of the left-hand side of (2.12) is
(arlog B1)B7 + ... + (ax—1log Br—1) 051

By the inductive assumption, it has at most k—2 real zeros. But then Rolle’s
theorem implies that (2.12) has at most k£ — 1 real solutions.

As a consequence of Theorem 1.1, we prove that in general, apart from
a few exceptional cases, even when the a; and «; are not contained in R the
bound given in (2.11) essentially remains true.

Given two linear recurrence sequences (u,) and (vy,) of order k, we say
that (uy,) and (v,,) are equivalent if there exist a € K, a # 0, and an integer
h such that

Un = QUpyp for alln € Z.

Writing M,,(0) and M, (0) for the zero-multiplicities of (u,) and (v,) re-
spectively, it is clear that for equivalent sequences we have M,,(0) = M,(0).
In fact, if (u,,) and (v,) are equivalent there is a bijection between the set
of zeros of (u,) and the set of zeros of (v,). Therefore, it makes sense to
speak of the zero-multiplicity of an equivalence class.

Also, equivalent sequences clearly satisfy the same recurrence relation

(2.1) and have the same characteristic roots a, ..., ag.
Fix aq,...,a; € K with (2.4) and (2.8), and let (u,) be given by (2.5)
with coefficients aq,...,ar € K satisfying (2.6). If ny,...,ny are solutions

of (2.7), in view of (2.5) we have

ny nq
oy ay,
.............. =0.
ng ng
o ay,

In analogy with our definition in Section 1, we say that solutions nq,...,n;
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of (2.7) are in general position if in the matrix

nq ni
oy ay,

np ng
oy ay,

no subdeterminant of order < k — 1 vanishes. We prove the following

THEOREM 2.1. Let K be an algebraically closed field of characteristic
zero. Fix non-zero elements o, ..., a5 € K such that a;/a; is not a root of
unity fori # j. Let E be the set of equivalence classes of recurrence sequences
(un)nez of minimal order k and with characteristic roots oy, ..., ar. Then,
apart from at most exp((6k!)3k!) exceptional classes, any equivalence class
in E does not have more than k — 1 zeros in general position.

By non-degeneracy, it is obvious that for k¥ = 2 any equivalence class
in F has at most one zero. Theorem 2.1 essentially says that for almost all
equivalence classes of recurrence sequences the estimate (2.11) remains true
in general.

Another consequence is the following. Let aq,...,ax be fixed elements
in K satisfying (2.4) and (2.8). For any k-tuple a = (a1, ...,ax) € K* with
aj ...ap # 0, the vectors (af,...,a}) solving the equation

Up =a107 + ... +agay =0
are contained in the linear subspace H, of K* defined by the equation
(2.13) a1z + ...+ agxg = 0.

It follows from (2.9) that the set of such vectors (af,...,a}) is contained in
the union of not more than exp(2(6k)3*) one-dimensional linear subspaces
of H,. Our Theorem 2.1 implies that, apart from some exceptional cases,
the above set is covered by a union of linear subspaces of codimension 1 in
H, whose number does not exceed a bound simply exponential in k. We
have

COROLLARY 2.2. Let k > 3. For all but at most exp((6k!)3*') equivalence
classes of linear recurrence sequences

Up = a10) + ...+ agoy

of minimal order k and with characteristic roots a1, ..., o satisfying (2.4)
and (2.8), the vectors (af,...,a}) such that u, = 0 are contained in the
union of not more than

(2.14) <2kk_ 1) —k(k—1)—2

linear subspaces of codimension 1 in H,.
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We remark that the quantity (2.14) is less than
(2.15) 221 k.

It is clear that in the case k = 2 our results are trivial. Notice that
for k = 3 the integer (2.14) is 2. For k = 3, Evertse, Gydry, Stewart and
Tijdeman [3] have proved the following:

Let K be a number field. Let S be a finite subset of the set of valuations
of K containing the archimedean ones. Let Ug be the group of S-units of K.
Two equations

(216) a1x1 + asxs + azrs =0
and
a1 + ahwo + ayrs =0

are called S-equivalent if there exist A € K* and e1,e9,e3 € Ug such that
a; = Aeja;. In [3] it is shown that all but finitely many equivalence classes
of S-unit equations (2.16) have not more than two projective solutions (z; :
xo : x3) with components in Ug.

In fact, if we have an equation (2.16) with three distinct projective so-
lutions (x1 : @2 : x3), (Y1 : Y2 : Y3), (21 : 22 : z3) say, then

Tr1 X2 I3

(2.17) yioy2 y3| =0
Z1 22 23

and, as the solutions are distinct, in (2.17) no proper subdeterminant van-
ishes. So for cyclic groups I' our theorems generalize the result of [3] to
arbitrary dimension k. We also mention in the context of Corollary 2.2 that
for equivalence classes of S-unit equations (2.13) Evertse and Gy6ry [2] have
proved the following;:

For all but finitely many S-equivalence classes of equations (2.13), the
solutions in S-umits of (2.13) are contained in the union of fewer than 2*'
(k — 2)-dimensional linear subspaces of the subspace H, defined by (2.13).

The bound 2*' was improved by Evertse [1] to (k — 1)!?*,

We can express our results more geometrically. Let I' be the cyclic sub-
group of (K*)¥ generated by (au,...,ax). Let H be a hyperplane in K¥
defined by an equation

(2.18) 121+ ... +arrr =0
with
(2.19) ar...ay #0.

We say that a hyperplane H' is equivalent mod I to H if there exists a point
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(... al) € I" such that H' is defined by the equation
(a0 + .. 4 (apal)zy = 0.
We may phrase Theorem 2.1 in the following way:

COROLLARY 2.3. There are at most exp((6k!)**") equivalence classes of
linear subspaces H of codimension 1 in KF defined by an equation (2.18)
with (2.19) such that H NI contains more than k — 1 points (af,...,a})
in general position.

3. Proof of Theorem 2.1 and of the corollaries. Theorem 2.1 is an
easy consequence of Theorem 1.1. In fact, suppose that (u,,) is a recurrence
sequence that represents an exceptional equivalence class, i.e., suppose that
the equation u,, = 0 has more than k& — 1 solutions in general position. By
equivalence, we may suppose that uy = 0, and we have k — 1 further zeros

ng,...,Nk such that 0,ns,...,n, are in general position. Therefore we get
1 ... 1
(3.1) o’ | 2,
a?k ........ a;:k

and here no proper subdeterminant vanishes. By Theorem 1.1, equation (3.1)
has not more than exp((6k!)3*') solutions (ng,...,ns) in general position.
However, given no, ..., ny as above, the coefficients aq, ..., a of u, in (2.5)
are uniquely determined up to a common factor a # 0, and Theorem 2.1
follows.

As for Corollary 2.2, suppose (u,) represents a class that is not excep-
tional. Then the equation
Up =a107 + ... +agay =0

has < k — 1 solutions in general position. Let nq,...,n; be a maximal set of
solutions in general position, whence [ < k — 1. By the maximality of [, for
any n such that u,, = 0 the matrix

aj? ap!

(3.2) SARERRTERLENS
. 1 ng
af' Lo o

n n

al .. ak

contains a square submatrix with vanishing determinant of an order j such
that

(3.3) 2 <j<min{l+1, k—1}.

Since nq,...,n; are in general position, the intersection of the submatrix
with the last row is non-empty. If the columns occurring in the submatrix
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have indices hy,...,h; and the rows preceding the last one have indices
i1,y...,0—1, we get
TL7,1 ’I”Li1
hy Sy,
(3.4) DTSR =0
a, oy,
n n
ay, .
For any choice of hy,...,hj and i1, ...,i;_1, equation (3.4) determines a
linear subspace in H, of dimension k£ — 2 containing the vector (af,...,a}).

For a given j we have (];) choices for the columns and (jil) choices for the
rows in (3.2). Summing over j satisfying (3.3) we thus do not get more than

min{l+1,k—1} k I
(3.5) > ( ) ( . >
o JJ\i—1
linear subspaces of dimension k£ — 2.
Forl=k—2orl=k—1 we can do a little better. In these cases, the
term in (3.5) corresponding to j = k — 1 can be improved. Recall that the
rows of the matrix (3.2) are solutions of

(36) a1x1+ ...+ agzp =0, where
(3.7) aj...ar # 0.

Suppose first that [ = k& — 2 and that in (3.2) some (k — 1) x (k — 1)
subdeterminant vanishes. Then it follows from (3.6) and (3.7) that every
(k — 1) x (k — 1) subdeterminant vanishes. Consequently, the last row of
(3.2) is a linear combination of the preceding rows. Therefore in the counting
argument the term (kﬁl) (’;:g) = k corresponding to j = k — 1 in (3.5) can
be replaced by 1. Hence, for | = k — 2, instead of (3.5) we get not more than

63 =2 ()67

linear subspaces of dimension k£ — 2.

Now suppose | = k — 1. Then the matrix (3.2) has k — 1 submatrices of
order (k — 1) x k containing the row (af,...,a}). For each such submatrix
we are in the situation treated for [ = k — 2. Therefore in (3.5) the term
(kﬁl) (Z:;) = k(k — 1) corresponding to j = k — 1 can be replaced by k — 1.
Consequently, for [ = £k — 1 we get not more than

(3.9) k—l+§<§) (j:i)

linear subspaces of dimension k£ — 2.
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We now compare the bounds (3.5), (3.8) and (3.9). For [ < k — 3 we get
()< E O
= J)\J—1 S J)\J—1

Combining this with (3.8) and (3.9), we see that in any case (af,...,a}) is
contained in the union of not more than

k—2 k—2
E\ (k-1 E\ (k-1
2 ()G 2 0)6)
= NN T 1 =2 \J k—3j
linear subspaces of dimension k£ — 2.
Note that if A and B are sets containing a and b elements respectively
with AN B = (), choosing j elements in A and k — j elements in B gives k

elements in A U B. Hence
min{k, a}

> W) =)

j=max{0, k—b}

S0
OO e

This proves Corollary 2.2.
Also

In particular we have

whence

vk 2k -1
22k—1 k

—1/2

is an increasing sequence with limit = by Stirling’s formula. Therefore

<2k - 1) _ 22k—1
k vkt
and the bound (2.15) follows.

Corollary 2.3 is a direct consequence of Theorem 2.1.

4. Relation groups. Here and in the next sections K denotes a field of
characteristic zero.

We begin by quoting Theorem 1.1 of Evertse, Schlickewei and Schmidt
[4], which for convenience we state as a lemma.
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LEMMA 4.1. Let n be a positive integer, and let I' be a finitely generated
subgroup of rank r of the multiplicative group (K*)™. Let ay,...,a, be non-
zero elements in K. Then the equation

(4.1) a1x1+...+apr, +1=0
does not have more than

exp((6n)*(r + 1))
non-degenerate solutions © = (x1,...,x,) € I.

(A solution (x1,...,2,) of (4.1) is non-degenerate if ), a;z; # 0 for
any non-empty subset [ of {1,...,n}.)
Now suppose that we are given non-zero elements in K:

ﬂlly---aﬁlrﬁ ) /8n17"'7ﬂn1"; ﬁn—i—l,la-- . 7Bn+1,r

and consider the equation

(42) bl,B;n + ...+ bn+1,377?+1 =0
where 8" = 1" ...0)" 1 <1l <n+1),m = (my,...,m,) €Z", and
where by,...,b,41 are given non-zero elements in K. We apply Lemma 4.1

to equation (4.2).

Let P be a partition of the set A = {1,...,n + 1}. The sets A C 4
occurring in P will be considered elements of P: A € P. Given P, the
system of equations

(4.2P) dupr=0 (AeP)
5
is a refinement of (4.2). If Q is a refinement of P, then (4.2 Q) implies
(4.2P). Write &(P) for the set of solutions m € Z" of (4.2P) which are not
solutions of (4.2 Q) for any proper refinement Q of P.
For a given A € P, the equation

(4.3) S =0
lex

has solution vectors (8™)1ex = (87" - .. 3" )iex in a subgroup I' of (K*)

of rank < r. By homogeneity and in view of Lemma 4.1, the number C'())
of non-proportional non-degenerate solutions (3;");cx of equation (4.3) sat-
isfies

(4.4) C(\) < exp((6(]A] = 1)* PV (r +1)).

For simplicity of notation, suppose that A = {1,...,h + 1}. We associate
with (4.3) the inhomogeneous equation

(4.5) avt + ... tepyt+1=0,
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where ¢; = by /bpy1 and v = B /B = (B /Br1.)™ - (Bur/ Bryr,e)™”
for 1 <l <h.

Let (v77,...,v7) (1 < j < C()\) be an enumeration of the non-

degenerate solutions of (4.5). Then any non-degenerate solution (3;™);cx of
(4.3) will be of the form

(4.6) (B )iex = ¥a(m) (77,7, 75 1)

for a suitable j with 1 < j < C'()\) and a factor of proportionality 1 (m) =
Bt .. If two exponents m and m’ in (4.3) give rise to the same tuple
(17, ..., 7, 1) in (4.6), we may conclude that

< By B >:< B B )
Galm) " n(m) ) \oa(m!) T g (m) )

and therefore we obtain

(4.7) M) gmmt g

pa(m’) ! bl

However, for a partition P of A and for m,m’ € &(P), the above con-
siderations have to be done simultaneously for all sets A € P. Each set
A will produce relations (4.7), and so we have to deal with relations (4.7)
simultaneously for each A € P.

Given a partition P of A and I,I’ € A, write [ L1 if there exists a set
A € P such that [,I’ € \. Define the subgroup G(P) of the additive group
Z" as the set of tuples z = (z1,...,2,) € Z" satisfying
(4.8) B7 =B; foranyl,l' € Asuch that { X I'.
In view of (4.7), we may infer that if G(P) = {0}, then &(P) does not
contain more than [], ., C(A) elements. By (4.4) this implies

LEMMA 4.2. Let P be a partition of A = {1,...,n + 1} such that
G(P) = {0}. Then equation (4.2) does not have more than exp((6n)3"(r+1))
solutions m € S(P).

5. Relation groups for equation (1.3). Equation (1.3) is

1 1
Y2 Y2
(5.1) oy cee O _ 0’

with aq,...,a; € K* such that «;/«; is not a root of unity for ¢ # j. We
write (5.1) as

(5.2) Z (signo) agl(l) . 'O‘Z’Zk) =0,
oeBy,
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where & denotes the symmetric group of the permutations of {1,...,k}
and where y; = 0.

We apply the material from Section 4 to equation (5.2). Initially, this
is an equation in (y,...,yx) € Z*~!; however, in the following discussion
it is convenient to view it as an equation in (yi,¥s,...,yr) € ZF with the
convention that y; = 0, as indicated above.

Given a partition P of &y, let &(P) denote, in accordance with (4.2 P),
the set of solutions (yi,va,...,yx) = (0,y2,...,yx) € Z* of the system of
equations

(5.2P) Z (signo)agiyy ... a)yy =0 (AEP)
TEN

which are not solutions of any system (5.2 Q) corresponding to a proper
refinement O of P.
The analogue of (4.8) in the present context is

(5.3) ozzl(l) . 'O‘?Zk) = ail(l) e ai’zk) for any 0,7 € &, with o % 7.

Hence we define G(P) as the additive group of the k-tuples (z1, 22, ..., 2x) =
(0,22, ...,2;) € Z* satisfying (5.3).

In view of Lemma 4.2, we are now interested in the shape of partitions
P such that G(P) # {0}. Let P be such a partition. Thus there exists a
k-tuple (wq,ws,...,wg) = (0,ws,...,wg) € G(P) with wa,...,w; not all
zero, so that (5.3) holds with z; = w;. This condition entails a structure in
suitable sets A € P. Precisely, we claim that, up to a suitable renumbering
of ay,...,ay, there are sets A1, ..., A\s € P (s > 1) such that their union

A =AM U.LLUN
coincides with the set of permutations o € &, for which
(54) waq(l) S wg—l(z) S e S U}U—l(k).

Let 61, ...,d; € K* be multiplicatively independent elements such that

(5.5) a; =G oyt Lot (i=1,...,k),
where a;1,...,a;; are suitable integers and (; is a root of unity for i =
1,..., k. Write
a1
a; =
ik

Substituting (5.5) into

aff”(ll) .. a;”(’“k) = af(ll) ... a;“(kk)
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and comparing exponents, we obtain

(5.6) WiAy(1) + .. + WEQp (k) = W1Qr(1) + ... + WrQr(k) for o L T.

Note that, since «; /o is not a root of unity for ¢ # j, the vectors a1, ..., ax
are distinct. Pick a vector v € R such that the inner products ¢; = a; - v
(i =1,...,k) are distinct. We may assume without loss of generality that
(5.7) 1 <...<cg.

Otherwise it suffices to renumber a4, . .., ax. The inner product by v in (5.6)
yields

U}lca'(l) + ...+ cha(k) = ’LU]_CT(I) + ...+ wch(k)7

i.e.,

(6.8)  wo-rye1t. . AWy = WeryC1 AWy for o L

Let s be the maximal number of permutations o inequivalent under P and
satisfying (5.4). Take s permutations o1, ..., 05, say, with this property, and
let A\i,...,As € P be such that o; € \; (j = 1,...,5). Then A,..., A,
are distinct. By (5.7), the quantity w,-1(1yc1 + ... 4+ wy—1(y)cx is maximal
for 0 € & if and only if (5.4) holds. In particular we know that, for any
i7=1,...,s

w0;1(1)01 + ...+ w0;1(,€)ck
takes the same maximal value. By (5.8) and by the maximality of s,
Wr-1(1)C1 + « ..+ Wr=1(k)Ck
is maximal if and only if
TEAMN =M U...U.

We may infer that \. is the set of permutations o € &y, satisfying (5.4), as
claimed.
Now consider the partition {n1,...,mm,} of {1,...,k} defined by

w; =w; foralli,jen, n=1,...,m,

w; <w; foralliemn,, jen,, pp.
Note that m > 2, for otherwise 0 = w; = ... = wy, contradicting the
assumption that wa, ..., wy are not all zero. Moreover, let {¥1,...,9,,} be
the partition of {1,...,k} such that

Ol =Inul  (p=1,...,m)

and

i<j forallie€d,, jed, u<y'.
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In other words we have, for any y=1,...,m,

p—1 pu—1 u—1
Oy = {ZI%HL > ol +2, .. Zlng|+|nu|}.

Clearly the permutations o € &y, satisfying (5.4) are those for which
(5.9) oy —9, (p=1,...,m).
Hence o € A, if and only if (5.9) holds.
We now assume S(P) # 0. Let (0,y2,...,yx) € S(P). By (5.2P) we
have
Z (signo)agl(l) . .ag’zk) =0 (=1...,9),
0’€>\j
whence, summing over j = 1,...,s,

(5.10) Z/\ (sign J)ail(l) . ag’zk) =0.
TEA

Since A, is the set of o € & satisfying (5.9), we obtain

Z (signo) agl(l) . aZ’Ek) =+ H det(a) )nev,, ien,, -
OEN& pn=1

By (5.10) this product vanishes. Hence for at least one p (1 < u < m) we
have

det (v )nev,., ien, =0
This is a proper subdeterminant of (5.1), since m > 2 and therefore |9,| =
1l < k.
We have proved

LEMMA 5.1. Let P be a partition of Sy with G(P) # {0}. Then for
each solution (ya,...,yr) € ZF~1 of (5.1) such that (0,yo,...,yx) € &(P),
a proper subdeterminant of the left-hand side of (5.1) vanishes.

6. Proof of Theorem 1.1. We use Lemmas 4.2 and 5.1. Equation (1.3),
in view of (5.2) where y; = 0, is an instance of (4.2) with r = k£ — 1 and
n=Fk -1

By Lemma 4.2, any partition P of &5 with G(P) = {0} satisfies

(6.1) IS(P)| < exp((6(k! —1))3*' =),

On the other hand, by Lemma 5.1, partitions P with G(P) # {0} are such
that for any solution in &(P) a proper subdeterminant vanishes. The number
of partitions of & is < k!¥'. Combining this with (6.1) we see that in fact
(1.3) does not have more than exp((6k!)3*') solutions in general position.
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